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Sum rules in the heavy quark limit of QCD
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In the leading order of the heavy quark expansion, we propose a method within the operator product
expansion and the trace formalism that allows us to obtain, in a systematic way, Bjorken-like sum rules for the
derivatives of the elastic Isgur-WigéW) function £(w) in terms of corresponding Isgur-Wise functions of
transitions to excited states. A key element is the consideration of the nonforward amplitude, as introduced by
Uraltsev. A simplifying feature of our method is to consider currents aligned along the initial and final
four-velocities. As an illustration, we give a very simple derivation of Bjorken and Uraltsev sum rules. On the
other hand, we obtain a new class of sum rules that involve the products of IW functions at zero recoil and IW
functions at any. Special care is given to the needed derivation of the projector on the polarization tensors of
particles of arbitrary integer spin. The new sum rules give further information on the gfepe ¢’(1) and
also on the curvature®=¢”(1) and imply, modulo a very natural assumption, the inequaffty (5/4)p?, and
therefore the absolute bourd=15/16.
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[. INTRODUCTION Let us summarize the general argument. We consider two
arbitrary currents:
Since the formulation of the Bjorken sum rylg], other .
sum rules(SR9 have been derived involving leading and Ji(x)=c(x)['1b(x), Jx(y)=b(y)[',c(y) (1)
subleading quantities in heavy quark expandi@r6]. The _
recent Uraltsev SIR6,7] at leading order came as a big sur- and theirT product:
prise, leading to a rigorous lower bound for the elastic Isgur-
Wise (IW) function' p?=3/4. As with earlier SRs, one gets T.. ZiJ d* e 19X B TT 3-() 3. (0) I B: 2
the impression that these results come out like fishing in a i(a) (Bl TL200:(0)][By). (2
lake, swarming with sum rules, the success of the catch de- ] ) ] . .
pending on the genius or skill of the particular authors. AS explained in detail, for example, in R¢§], on insert-
Hence we need to have a systematic way of formulatindnd in this expression intermediate states,0 receives con-
these SRs. This is the subject of the present paper, althoudHbutions from the direct channel with a single heavy quark
0n|y in the particu|ar case of IW functions in the heavy quarkC, while x>0 receives contributions from intermediate states
limit of QCD. The method can be easily applied to sublead-With bcb quarks, theZ diagrams. The energy denominators
ing form fact0r3[8]_ are MB_qO_EXC for the direct graphs ani gt qo_(Exé
In the derivation of the sum rules we will make use of the + 2My,) for the Z diagrams. Taking the typical virtuality of
operator product expansid®PE [9] in heavy quark transi-  the direct channeld/=Mg—q°~Ey_ such thatAqep<V
tions[2,5,6,1Q, in a manifestly covariant approach. <Mpg, one sees that the direct channels contribute at the
To be completely general, let us consider the direct graph§,qer 1% and thez diagrams at the order TH{V—2Mp). In
r r both cases the absolute value of the denominatarAs,cp.
Bi(vi)—1>D(”)(v ’)—2>Bf(vf), This gillows one to approximate E() with the leading con-
tribution to the OPH10]:
whereB; andBy are ground stat® or B* mesons and (" B
are all possible ground state or excni_édnesons coupled to Tfi(q):ij d*x e 19 X(By|b(x)T',S,(x,00I';b(0)|B;)
B; and B; through the currentsh(v’)I'1hy(v;) and

hy(vi)I',he(v'). The Dirac matriced’; (i=1,2) are arbi- +O(1/m§), 3
trary and can be chosen to derive relations involving definite
current matrix elements. where S.(x,0) is the free charm quark propagatorQf «s)

corrections are neglected. Tleequark propagator has two
terms, a positive energy denominaterV and a negative
*Email address: leyaouan@th.u-psud.fr energy denominator~(—V—2m;). Varying V indepen-
TEmail address: oliver@th.u-psud.fr dently of m; one can equate the direct channel contribution
This bound was obtained in a class of relativistic quark modeld0 EQ. (2) to that of the positive energy pole of tlequark
[11,17 that were afterwards shown to satisfy the Uraltsev sum rulgoropagator in Eq(3), the so-called OPE side, giving the
[13]. following result that involves only the direct channel:
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E(wip)Tr (4)

+0(1/mg).

In this equation, §.+1)/2v.° is the positive energy residue whereL(w;; ,w; ,w;) stands for the LHSthe sum over in-

of the c quark propagator and the left-hand si@l&lS) is the
sum over all possible ground state or excif2anesons. We

termediate state®™(v')] and R(wi; ,w; ,w;) stands for the
RHS [the OPE side, proportional t&(w;;)].

have adopted the trace formalism for the current matrix ele- The variablesw;;, w;, andw; are independent within a

ments[4,14] and made explicit in Eq4) the sum over pseu-

certain domain. Indeed, without loss of generality one can

doscalar and vectdd (D*) mesons and their radial quantum take
numbers. In relatiort4),

vi=(1,0,00, vi=(V1+2a%0,0a),
wi=vi-v', Wi=viv', Wi=vivs. 5
Teeh weEeerh Wiemveee O o' = (VTFB7+¢%,0D,0), ®

In the LHS there are also leading order contributions of exgjiving
cited states and subleading terms coming from the groun
state or from transitions between the ground state and excited wif=+v1+a?, w;=+y1+b%+c?
states, denoted b@(1/mg), wheremg can bem, or my,.

One main point we want to emphasize is that in the OPE w;=+1+b?+c?J1+a’—ac. (9)

side the ground state IW functiof(w;;) appears since, fol-
lowing Uraltsev[6], we assume in general#uv; and take
B; andB; to be ground stat® mesons. Of course, fom;;
=1 one gets£(1)=1, w;=w;=w, and the general formula
(4) takes the more familiar forrb]

> 2 TBi(v)T DM (v")]
D=P,V n

1
20% 70
XTD™ (0" )T1Bi(v)][ €™ (w)|?

+ contribution from other excited state@(l/mQ)]

!

Bi(0)T ;70 T1By(v) |+ O(Um}).  (6)
c

o

But let us keep to the general cage-v;. By choosing in
a convenient way the initial and final mesdBsandB; and
the Dirac matriced”™; andI',, one can derive sum rules at
the leading ordefthe Bjorken SR[1] and the Uraltsev SR

[6]) and also SRs involving subleading Isgur-Wise functions

as we obtained in Ref5]. To illustrate the method, we will
limit ourselves in this paper to the heavy quark limit.

In the heavy quark limit, since we can make the four-
velocity of the intermediate quark equal to the intermediate

hadron velocityy.=v', relation(4) is written, multiplying

by ZU(I)\ 4Ui Ug,

L(wif Wi, W) =R(Wi , Wi ,W¢),

()

One has three independent paramegerns andc or equiva-
lently w;, w;, andw;; that lie within a limited domain. The
domain of (vs ,w; ,wy) is

Wir=1, 2w wwi—wi—wi-w?+1=0, (10
which implies
wi=1, wi=1, (12)
and is equivalent to
wi=1, w;=1,
wiws— (Wi = 1)(wf—1)
sw <wwi+V(wi-1)(wi—1). (12
There is a subdomain faw; =w;=w, namely,
w=1, Isw;<2w’-—1. (13

Within this domain one can differentiate relative to any of
these variables:

ap+q+I’L ap+q+rR

= , 14
owhowdow;  awh awaws 4

and obtain different sum rules taking different limits to the
frontier of the domain, e.g.,

Wif—>l, Wi:Wf:W,
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or wi—1, Wi=w;=w, the 0,,, 1;,, and the orbitally excited states}2, 13,
015, 11, (with the tower of their radial excitationsMore-
or wi—1, W;;=Ww;=Ww. (15 over, to have some control of the SRs near zero recoll, it is

) . important to have an idea of the contributions of higher or-

A last general remark. In the SRs we will consider thepita| excitations. To this purpose, we will take into account
sum over discrete intermediate ground state or excided the 2~ intermediate states, namely, the statgs and 1,
mesons. However, our results have a wider generality, as | ot us now write down the % 4 matrices of the lowej”

they can include a possible continuum. Such a continuungt(,ﬂes[4 14]. The matrices for thé ~ mesons read
would be only a slight technical complication, as it can also ’

be expanded intg” states, and the sum over discrete states 0rp: M(0)=P.(—vs),
would become an integral, without any conceptual change in
the final results. 1,0 M(v)=P ely,, (17)

The paper is organized as follows. In Sec. Il we write
down the general form of the SRs in the heavy quark limitwhereP, is the projector
for a general pair of currents S T';h® , h(")T',h() | making

L . . o f % 1+4

explicit the intermediate statgs’, 3%, 3*, and3~ as well, P,=——.
in order to have control on high powers of the recoil (
—1). In Sec. lll we derive the sum ruldés particular the
Bjorken and Uraltsev SRdor the axial currentdT";,I",}
={d;vs,0:ys}, and in Sec. IV similarly for the vector cur-
rents{l“l,l“z}:{_wi ,éf}. In Sec. V we underline a new class 24p MML)=P &My,
of sum rules with implications, in particular, for the slope
and curvature ofé(w). Moreover, we demonstrate that 1
higher excited states give a vanishing contribution to these 13,: M*(v)=— \/3_/2P+81’;y5 gh— gyy( yr—vH) |,
SRs. In Sec. VI we write down a lower bound on the curva-
ture of ¢(w) and in Sec. VIl we point out some phenomeno- (19
logical remarks in connection with the Bakamjian-Thomasang those of thé * states are given bj]
class of relativistic quark models. In Sec. VIII we conclude.

(18

The 4x4 matrices of thel " states are given by the four-
vectors

In Appendix A we construct the general formula for the pro- 0/, M(v)=P,,
jector on the polarization tensors of particles of arbitrary
spin. With it, we deduce a formula that is needed in the 110 M(v)=Pielysy,. (20)

calculation of the contributions to the sum rules of higher

excited states. Using this general result, we have recentlfinally, those of thel ~ states will be obtained from E¢19)
obtained rigorous bounds on all derivatives of the IW func-by multiplying on the right by ¢ ys):

tion £(w) [15]. For the curvaturer®=¢”(1) we find in the

present paper the same bound using a different method and 23,1 M*“(v)=P,e}"y,(—vs),

making a sensible phenomenological hypothesis. Finally, in

Appendix B we give a derivation of Bjorken and Uraltsev . P o } P

SRs with the current§l’;,I',} ={¥; ,%;} and initial and final Lyt MH(v)=V3/2P &, g; 3 Yy o) (2D)
statesB* M) (v;), B*)(v;), a manifestly covariant version _ . _

of those states and currents used by Uraltsdy,I',} The corresponding matrix elements, for a current given by

={9°,9% in the rest frame of the initiaB* *)(1,0). Of  the Dirac matrixI', read[4]
course, this choice of the vector current would make simpler

the calculation of radiative corrections to the sum rules than (DM ) (H[NIThPB(37)(v))
in the case, say, of the axial current. But radiative corrections _
are outside the scope of the present paper, which adopts the =EM(wW)TI[D(v" )T B(v)], (22

strict heavy quark limit.
(DMEN) () MITh?|B(37)(v))
Il. GENERAL FORM OF THE SUM RULES IN THE _
HEAVY QUARK LIMIT =V3753(w) v, D*(v" )T B(v)], 23

U’I:? RHS is written, in the heavy quark limit, since then (D(“>(%+)(v’)|ﬁ(v°,)Fh(vb)|B(%‘)(v)>
c 1

_ —9(n) YN
R(Wig Wi W) = — 2E(Wie) T By(v) TP 4 Ty Bi(wp) . 2rp(WT D )TBL)], @49

16
(10 (D) (NS ThP[B(37)(v))

Let us decompose the LHS into contributions of the different - —

intermediate states: as intermediate states, we will consider =V3og(W)Trlv, D*(v")I'B(v)], (25
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wherew=v-v', nis a radial quantum number, and, in anal-
ogy with 73(W), we have calledr;(w) the IW function

L(2a9 =2 &' Mire P T, BioPY yol — 5]
between the ground state and the states. As pointed out in

[4], o35(W) need not vanish av=1, since the current ma-
trix elements vanish in the heavy quark limit. The notation

EM(w), #M(w), and7)(w) is that of Isgur and Wisgl].

In what follows, we set the different IW functions to be

real.
The contributions of the {),, 1,,, States are written as

L(01,)=Tr{ Bi(v1)T 2P’ (— y5)ITH ysP, T15i(v;)]
xg EM(wy) M (wy), (26)
L(11/2>=§ &' Mg WX Bi(0) TP y,]

XTr[yMP;FlBi(vo]; M (w;) EM(wy).

(27)

The contribution of the parity excited states ,, 13,,
01/, 11, is given by the following expressions:

L(2g9) =2 '™ V5P To g, BT Py, ]

XTr[viMnP;rlBi]s@ (W) Tah(we),  (28)

3 e
L(13,)= ; s’(")"s’()‘)*‘TETr[ Bl ;P vs

» 1
Uiy_g(léi—Wi)?’y

1
Ufu_§7’o(l5f_Wf)”Tr[
><<—y5>P'+r16i]3§ (W) Ta(We),  (29)

L(05,)=TH B[P, TP, T 1514

x 2 W) W), (30

L1 =2 &' Mre! W T BIP, v,

XTr y,(— n)P;FlBi]@ (W) T (Wy),

(31

XTvi,ys7,PLT1B13 2 ofp(w) ab(wy),

(32
3 3 [—— 1
L(130) =2 &' M7’ O* o Tri BTLP! vy = 7o
X 2 3
1 !/
X(bs+wy) [ Tr Uiv_§(l/’i+wi)7v PLI'1B;
xsg (W) o TH(wy). (33
It is convenient to introduce the tensors
T’MV:Z 8/()\)M8/()\)*V, (34)
A
Tp,v,pozz SI(A)MVSI(A)*pa" (35)

I

The polarizations of the vector and tensor intermediate
states of velocityw ' satisfys’'™.v" =g’ M#y’ =0, More-
over, the polarization tenser M*” is symmetric in(uv) and
traceIeSSg;L(”)”=0. One can show that these tensors can be
written

TH'=—g*"+v'*v"?, (36)

1
THIPT= 21— 29779""+3[g"97"+ 9797 ]

+2[gpcrv/,u,vrv+vlpv/0'g,u.1/]
_3[gp,uv/u'v/v+gavv!pvlp+gpvv!(rv7p,

+g%"v"Pu' "]+ 4v P v Pu' 7} (37

and have the following properties:T#” is symmetric and
Ti,=—3 while T#"P7 is symmetric in the exchanges
(pvepo), (pev), and (<o) and satisfiesT*” =

+5 (the + sign comes from the fact that the polarization of
a spin 2 particle can be seen as a symmetric combination of
the polarizations of two spin 1 particlesVith these expres-
sions for the polarization tensors one can make more explicit
the contributions of the intermediate states in the LHS of the
SR (4). After some algebra one gets, from E¢26)—(33),

for arbitrary Dirac matrice$’; andI',, the following SR:
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{[THBI P (= ys) ITH ysP, T1Bi 11+ [~ T BT ,PY, 3, 1T y*P . L1 1+ T BL,P, 1T P, Ty 511}
X ; EM(w;) EM(wy) + ;{[3(Wif _WfWi)-rr[EszF’ir Yol Ty P T 1B ]+ (— 2—2w; — 2ws — 3w;¢ + 4w, Wy)
XTHB P, TP, ['15,]+3 T BL,PL 6, 1TH# (P, T4 51— 3w, TH{ BT ,P ITH{ 4P . T1 5]

—3W T BT ,P 6 TP, Ty B 11+ [~ (14+ W) (1+ W) T BT P y57, ] TH v’ (— y5) P, T 15,]

+ (1= 9Wi¢ + AWy — 2w, — 2W) Tr BT P, 5 T (= v5) P4 U181 — 3(1+ W) TH BT P, s¥i]
><Tr[<—y5>P;rlsi]—3<1+wi>Tr[EfF2P;n]TrW—mp;rlm]}@ (W) 753 (W)

+4{[T BT ,P L T PL 1811+ [~ T BT 5P, 5 v, 1TH 7(— ¥5)PL T 1B 1+ TH BT 5P, ]

XTrl(= y9) PLTLBII Y mijp(wi) riip(wy) + %{[3<wif — W) TLBT 2P, 7,(— v5) 1T 5y P T15]

+ (= 2+ 2w, + 2wy — 3wy + AW, W) TIL BT P, (= v5) ITH ysP, T 181+ 3 T BT P i (— v5) 1T ys6 P, T'1 3]
—3W, T BT P (— 5) I T 56 P, T 15,]1— 3w, TH BT 2P, b (— v) I TH ysP . T 1B 11+ [~ (W, — 1) (w; — 1)

XTH BT ,P, v, 1T 7P’ T 18]+ (1— Owis + 4w Wy + 2w; + 2w Tr[ BT ,P, ITH P, T, 8]+ 3(w; — 1)
XTHBT,PL I T LTS+ 3w~ )THBI,PLITHPLT BN S 0w oliwy)

+contribution from other excited states- 2§(wif)Tr[gf(vf)Fngl“lBi(vi)]. (38

In the RHS the functiorg(w;;) must match the correspond- relations from the different derivatives and boundary condi-
ing function ofw;; that one would get by summing over all tions:

possible intermediate states. In this formula, the coefficient

of =,£M(w;)éM(wy) is the contribution of the D, (first L (Wi, Wi W), = 10, =w=w

brackej and the %, (second brackgtstates. Likewise, the
coefficient of =, 7{)(w;) 743(w;) is the contribution of the
2, (first bracket and the %, (second brackgtstates. The
coefficient of =, 7N (w;) #(ws) is the contribution of the

=R(W;s ,W; 1Wf)|wif:1,wi:waWi (39

L(Wif Wi va)|wi:l,wif:wf:W

04, (first bracket and the 1, (second brackgtstates. Fi- =R(Wis Wi ,W)|w,= 1, ~w,=w (40)

nally, the coefficient of ,a{(w;) o$)(ws) is the contribu-

tion of the %, (first bracket and the %, (second bracket JL IR

states. el T @Y
What we called. (w;; ,w; ,wy) andR(w;s ,w; ,w;) in Sec. Wig = 1w =wy=w Wig = 1w =wy=w

| are given now explicitly by Eq(38). We will now consider

the sum rules given by Eq14). However, since we have oL _R 42)

included only a limited number of intermediate states, it IWis W= L =y = IWis wi=1,w”=wf=w1

would be dangerous to draw conclusions from sum rules for

p.q,r=2, because missing intermediate states could contrib- Il IR

ute to the desired order. Therefore, we will limit ourselves to — =— , (43

(p,q,r)=(0,00),(1,00),(0,10),(0,0,1). The consideration Milyy 1w =wp=w  Wilw— 1 —we=w

of the stateg ~ will give us some control over higher powers

of (w—1). In the main text, we will limit ourselves to cur- JaL JR

rents that give functions (wjs ,w; ,ws) and R(w;s ,w; ,w;) e = : (44)

symmetric inw; ,w;. We are then limited to the following Hwg= 1w =w;p=w Hwp= 1w =wi=w
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r~ _R _ us BPu(Cve Bi=Pu(-y),

M Wig=1w;=wg=w Wi Wip=1w=wg=w Fi=dyys, T=dsys, (46)

In Appendix B, we consider a manifestly covariant ver-
sion of the Uraltsev case, where the functiargsv;; ,w; ,w;)  Where the currents are projected along the initial and final
andR(w;; ,w; ,w¢) are not symmetric inv; ,w;. In our con-  velocities.
clusion we discuss the perspectives and outlook for these In this symmetric situation between currents and initial
nonsymmetric cases. and final states, a number of intermediate states do not con-
tribute, and the calculation simplifies considerably. One has,
namely,

Ill. THE AXIAL CURRENT: A SIMPLE COVARIANT
DERIVATION OF BJORKEN AND URALTSEV SUM RULES

L(0;,)=L(13,)=L(1],)=L(25,=0, 4
To illustrate the method, let us now particularize to the (01 =L {132 =L (11 =L (2512 @)
simple case and the SR38) is written

<wiwf—wif>; §<"><wi>§<“><wf>+[3(wiwf—wif>2—<w?—1>(w%—1)]2 TS (W;) T3 (W) + 4(w; — 1) (wi— 1)

X > 7 w;) 7B (W) + 2(w; — 1) (we— 1) (wiwg— wlf)E o (wp) o'sh(wy) + contribution from other excited states
n

=—(1=w;—wi+ W) E(Wig). (48)

The symmetry of Eq(48) in (w;,w;) follows from the symmetric choicét6) of currents and states.

We assume now that the higher state contributions are, at most, of the same order i) @s the; ™ states, that are
included in the calculation. This conjecture will be demonstrated in Sec. V. Equatiéng42), and(44) are trivial [giving
0=0 or &(w)=&(w)], while Egs.(39), (41), (43), and (45) give, respectivelythe contribution of higher excited states is
denoted by+---),

—n; [£M(w)]2+2(w?— 1>22 [75(W) ]2+ 4(w— 1>22 [75(W) ]2+ 2(w+ 1) (w— 1>3E [o{p(w)]?+-

=2(w—1), (49
—2 [§<“><w>]2—6<w2—1>§ [ré?%(w)]Z—z(w—nZ; [a{p(w) ]2+ = —1—2p%(w—1), (50)
2(w+ 1); (1) 7SH(w) — 42 AN EH(W) ++ = E(w), (52)

w; [§<“><w>]2+<w2—1>; §<“><w>§<">’<w>+2<wz—1>[2@ [ 75 (W) 2+ (w2 1)2 w7y’ w>}+4<w—1)

X 2 [r&?%(w)]h(w—l)@ r&?%(w)r&?%’(w)]+2<w—1>2{<2w+1>§ [oé?%<w>]2+<w2—1>§ o%?%(w)oé?%’(w)}
Heee=1, (52

114009-6
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Dividing Eq. (49) by 2(w—1) one gets the Bjorken SR gives the Uraltsev SIR6]
[1]:

1
S [§<”><w>]2+<w—1>[22 w2+ w12 2 (D2 (D=

x@ [75h(W) ]2} + (w+1)(w—1)2

(57)

Equation(51) yields also the Uraltsev SR favr=1. No-
tice the important point that in this equation the contribution

of the IW functionsa{}(w) vanishes identically
XE [oP)(W)]2+---=1 (53) Finally, Eq. (52 at O[(w—1)] gives again the Bjorken
n

312 ' SR under the fornt56).

where the; ~ states have been included explicitly.

Equation(50) gives, at orderWy—1), IV. THE CASE OF THE VECTOR CURRENT

Let us now consider the vector current, i.e.,

1-2p2(w—1)+123 [75)(1)]AW—1)=1+2p*(w—1),

(54) Bi=Pii(=vs), Bi=Pti(—1vs),
implyin
py g Flzﬁi, Fzzﬁf. (58)
2=32 [TH(D)13 55
P En: [732(1)] 59 In this particular case, a number of different intermediate

states do not contribute, namely,
which, combined with the first order inwW(—1) of the
Bjorken SR(53),

1
=+ M(1)12+2 e 56
4 zn: [712(1)] 2 [7ar2(1 (56) and the SR38) is written

(Wi 1) (wy 1) 2 €0 (W) £ (W) 20w 1) (W 1) (Wi —Wig) 2 75(w) 75i2(Wy) + A(Wiwy — W)

XE (W, >r&?%(wf>+[3<wiwf—wif>2—(w?—1><w$—1>]; TS Wy) T (wy)

+contribution from other excited stategw;;+ 1+w;+w;)&(w;s),

L(11,)=L(23,)=L(07,)=L(13,)=0, (59)

(60)

where the first, second, third, and fourth terms in the RHS come from the sted$,, 17,,, and Z,, respectively.

Equation(40) is trivial [ £(w) = &(w)], while Eqgs.(39), (41)—(45) give now, respectively,
(W+1)22 [£M(w)]2+2(w2—1){ (w+1) 22 [73,2<w>]2+22 [7B(w) ]2 +2(w?— 1)22 [o§h(w)]2+
—2w+ 1) [7gpwW) =42 [rRwW) 2= 6(W? = 1) X [ofp(w) [+ =1-2(w+1)p?
—AWHD) 2 7D W) — 42 (1) THW) +- = EW)+ 2w DE (W),

wg(w>+2(w+1>2 gm (1>§<"><w>+4w<w+1>2 (L) Tg(w) + 4w, (1) 7h(w)

—2(W2— 1)2 (1) oI (w)+---=0,
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EW)+2(W-+ 1) (W) +4(W+1) X 75p(1) (W) +42 Hp(1) W)+ =0, (65)
(W+1) X [€M W) P+ (w+ 1) EMw)E™ (W) +2(w+1)% (2w=1) X [755w) P+ (wP=1) X 7g3(w) 753 (w)
+4[w§ (W) 2+ (w2=1) ) r&?%(w)r&?%’(w)]
+<w2—1>{4w§ [o5w) P+ 2(wP=1) X ofp(w)oly (w) ) + (66)

Notice an important point, namely, that in E§3), iden-
tical to Eq. (65), the contribution of the IW functions
oM(w) vanishes identically

Dividing Eq. (61) by 2(w+ 1) one gets the Bjorken SR
for allw[Eg. (53)]. Equationg62)—(66) imply, for w=1, the
Bjorken SR(56) for the elastic slope?.

V. A NEW CLASS OF SUM RULES AND THE
CONTRIBUTION OF HIGHER EXCITED STATES

Among the SRs that we obtained in Secs. Il and IV, there

is a new class that involves the IW functior™(w),
D(w), 7B(w),... for anyw, and at zero recoilv=1. The
relation that we got from the axial vector currents is

2w+ 1) 2 (D) W)~ 4% HR(D) W)+

=&(w) (67)

while we obtained, from the vector current,

(n)

—4<w+1)§ T9(1) TH(W) — 42 L) TH(W) + -

=&(w)+2(w+1)&"(w), (68)

WEW) +2(w+1) >, EM'(1)eM(w)+ 4w(w+1)

(n

5 (1) 743

7'3/2) 17 573

X 2 (W)+4WE (w)

“D2 ogp(Dobw) =0, (69

The first equatior{67) is a generalization of the Uraltsev SR
for w#1, which reduces to Eq57) for w=1, while the
other two(68) and (69) give, takingw= 1, the Bjorken SR
(56) for the slopep?.

Let us concentrate on Eqé&7) and (68). An important
feature of these relations is that the contribution fromhe

We will now give a proof that no other higher intermedi-
ate states contribute to the sum ru(é%) and (68).

Following the work of Fall{16], we write first the 4<4
matrices of the whole tower of" states, generalizing the
notation we have given abov@7)—(21), wherek=j—3, J
is the spin of the state, antlis the orbital angular momen-
tum:

j=t+3, J=j+3:

MHLT R (p) =P gl et (70

Vi

1.

\]:j_z.

—V(2k+ 1)/ (k+1)P,yset

=41,

43

MHEL T E(p) =

X gljll...g/::_ (y*1—pH1)

2k+1 "

"

XQ'LLl...

Mk—1
v Y

Vk-1

Y (Y= vH) 1] (71)

j:€_%1 ‘]:j+%:

MHY () = P+851"-Mk+1,y5,yﬂk+l; (72)

NIH

j=€ J=]j—3:
=(2k+1)/(k+1)P, g"x

y
X gV]:-l .

M/’«l"'/—"k(v

_g#k_

M m
” Yo, (Y1 0k

2k+1

N

Xg'u'l...

Mk-1
v, 79

Vk-1

Y (YT 0H) | (73)

For a transition of the types“1 #k(v)— D"t *'(v'),

the preceding expressions have to be contracted with the ten-

states vanishes identically. This is not the case, however, faor containing all possible independent IW functiords (

relation (69).

>K):

114009-8
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Evpong sy = (—DXW=0"), - (0=0"),,
XLES WG, G+ EE (W)
X(0=0"),,(v=0") 4, G0y Dupe F
+E W) (v—v'),,

X(v=v"), (v=v"),(v=v"),] (79

However, we are here interested in the transitions between

the ground state and the excited stajés—j", i.e., k=0,
and the tenso(74) becomes, in this case,
v—v')

b= (0=v), E0w). (79

PHYSICAL REVIEW D67, 114009 (2003

’
UV'SI*V]. Vk:o
I

(i=1,..K). (80)

B(v) denotes the %4 matrix of the ground statd or B*
[Eq. (17)]. The functionsr{2{?, (w) are the generalizations
to arbitraryj of the IW functions introduced above, namely,

THW)=E(W),  T5(W)=V3 (W),

TRW)=271W),  T5H(W)=V3agw),  (81)
with an implicit radial quantum numben. Therefore,
7(w) and 7{)(w) are respectively identical to the func-
tions 7(w) and {(w) defined by Leibovichet al. [4]. The
superscript? in 79{)(w) is necessary as it indicates the
parity, since for a givej=¢+3=1, there are two possible
values for{ =

j*3%, and therefore two possible paritiés

Then the matrix elements are written, for the different cases, (_q1)¢+1

Ke) b
<D(?:€+1/2,]:j+1/2)(v/)|hvr Fhf, )|B(*)(U)>
(¢ Pk g
= AW,

XTr[y#kHP'JrFB(v)], (76)

1\ b
<DE?):6+1/2,1:J‘—1/2)(U )N ThP B (v))

(2k+1)/(k+1) 7 T(w)

1
xs’*"l""’kTr vyl...vyk_ 2k+1(u§_w)
1
><7”’1 vy Uy '”_2k+1v”1 Yk-1
X(ﬁ—W)%JVsPLFB(v)], (77

<Dg?):€—1/2,]:j+1/2)(v ,)|E,€)Fh(ub)| B(*)(U»

kYL
Mks

XTH Y, ,(— ¥5)PLTB)], (78)

4
_ T(,)(l%(W)U'Ml‘“U

<D(J t—123=j-12(0’ )|_(C)Fh 'IB*)(v))

(2k+ 1)/ (k+ 1) 7,20 w)

X g/ * VL Ty

1

X(é_l—w)’YVlvvz'”UVk_ m

V1 v Vk-1

X(B+W)y,, P;FB(U)]. (79

In all these relations we have made use of the orthogonality

condition

Considering now thé8 meson, as in the preceding sec-
tions,

B(v)=P.(—vs), (82

we compute the different matrix elements. Remembering that
k=j— 3 one obtains the following results.
Vector current:

<DE?)=€+1/2,]:1+1/2)(U ’>IF§% hl()b)| B(v))

=(DL - 120=;- 12 (0N BNV|B(0)) =0, (83)

(DL ¢4 12-j-12(0)INE N |B(v))
—J+1)/(2€+1)(w+ 1) 7 ) w)

X v ...vwsf*#l“w' (84)

g}

1\ [T (C) b
<DE?>:€—1/2,J:j+1/2)(U )[high>[B(v))

=—7 ,1/2(W)U UM‘ZSI*/'le’W. (85

Axial current:

<DE?)=€+1/2,J=1 —1/2)(0 ’)Iﬁfﬁ)é 7’5h(ub)| B(v))

= <DEjn>:e—1/2,J:j +1/2)(U ’)IWU% 75hf;b)| B* )(U)>: 0,

(86)
(DL es120=j+112(v OIh8yshi” B(v))
:—Tg‘ﬂ(lr}g(w)v#1~--v”Hls’*“l""‘“l, (87)
(DL 129=j-112(v OIh8yshi” B(v))
=—Ver(2¢—1)(w—1) 7PN w)
Xv'ul...Uﬂe_lg’*/—"l"'l‘vffl_ (88)

114009-9
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We can now write down the contributions to the LHS of the
SR. We proceed as in Secs. lll and IV adopting the symmet-
ric caseq46) and(58). In an obvious notation, one finds the
following results.

Vector current:

(n1)? (2n—2K)!
(2n)! kI(n—=k)!(n—=2k)! *

Cni=(—1)¥ (99)

We did find that in the SR$51) and (63) or (65) the
contribution of the state$ ™ is identically zero. Using now
the preceding general formulas, let us prove that not only
does the contribution of the stat¢8=2" vanish, but that
this is also the case for arjy=3. This result will imply that
the SRs(67) and (68) are exact equations, i.e., we can drop
out the+---.

Let us begin Eq(51), which was found with the axial
vector current by differentiating with respectwy and tak-
(90) ing the limitw; =1, w=w;; =w. Notice first that

Lij=¢r120=j+12=Lj=c-123=j-12= 0, (89

(+1
Lij=¢+120=j-12= 2€—+1(Wi+1)(wf+1)

¢ ¢
X Sp(W; , Wy yWif); T%l(lvé(wi)Tg-z(l%(Wf)'

bi-erazaieun Su(Wi Wr Wi, ~1-w -w=0  (N=1)  (99)

£)(n)

_ ) ) ( ) A O(n) . .
= Se(wi, Wy 'W'f); Te222(Wi) Te 21 p(We). because of the orthogonality conditi¢80).

From Egs.(97) and (98) we need to prove that

(9D
Axial current: d
mSnH(Wi Wi, Wi) =0 (n=2),
Lij=e+123=j-12= L(j=e-120=+12=0, (92 ' Wi = Lwg=wig =w
(100
Lij=er12a=j+112
Jd
=S 1 (Wi Wp,Wir) > T DA T DA W), W(Wi ~ 1) (ws—1)Sh(wi Wy , Wig) =0
n ! W =1 W =W =w
(93 (n=1). (109)

The second conditiofil0]) is obviously satisfied because of
the factor (v,—1) and the orthogonality conditiof80).

The first condition(100 holds also, as can be seen from
the explicit formula(97):

€
Lij=t-1p20=j-12= m(wi_ 1)(wi—1)

¢ ¢
X Sp_1(W; , Wy ,Wif)zn: 70w 720 wp).

(99

J
In all these relations, the quanti§y, defined by a_wis"“(wi Wi Wir)

=0, Vi Uy U, 171 VT B
Sh vy v Vg fun = 2 Cn+1k(W$_1)k[2kWi(WiZ—1)k71
0<k=(n+1)/2 ’
X(Win_Wif)nJrl*Zk_’_(n_'_ 1_2k)Wf(W|2_1)k

(102

where

TV VnoM1 Bn= TN)% vy v 1N g i 95 _
; e € (95) X (Wiws—wip) "]

depends only on the four-velocity', ande’™*“1"“n is a  \hich vanishes fom, =1, w;=w;;=w whenn=2. Notice
symmetric tensor with vanishing contractions and transversgat this expression does not vanish for 1, which corre-

tov’ (see Appendix A . __sponds to the contribution of thE" states to the SRs.
It can be shown, as demonstrated below in Appendix A, " | et us now consider Eq63), which was found with the

that the scalar quantity vector current by derivation with respectwg;, and taking

— [ZRER NPT
Sn_vivl'”Uivnvf;/,l”'vf,unT 17 Vn M1 M (96)

the limit w;=1, ws=w;;=w, or Eq.(65) by derivation with
respect taw; , and taking the limitv;=1, w;=w;; =w. From

can be computed and is given by the following expression:Ed. (97) we need to prove

Si= >

Cr(W2—1)K(wf— 1)k (wwp—wip) "~ 2K,
0=k=n/2

97

where

J
v Wit (Wit 1)Sy(wi, e, Wir) =0
if W =1 We=w=w

(103

114009-10
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S 2(Wi Wy W) =0 (n=1). —AWE D)2 7L W)~ 43 TR 7iw)

IWig W=1wp=wi =w

(104 = E(W)+2(W+1) € (w). (107

These relations are the main result of this paper.

This is indeed the case, since - . !
Therefore, we can still differentiate relatigh07):

J ’
s (Wi Wy, wip) = Cp k(W= 1)K (w2 — 1)K —42 (1) (W) — 4w+ 1) X i) TR (w)
OWi¢ o<k=n2

X (n—2K) (wjws—w; )"~ 21 (10
(n=2k) (Wiwy = i) (109 -43 A W)
vanishes fomw; =1, wi=w;; =w whenn=2. Notice that this =&"(W)+2& (W) +2(w+1) & (w). (108

guantity does not vanish far= 1, corresponding again to the
contribution of the3 ™ states to the SRs. The proof can be Expanding the elastic IW functiog(w) in powers of (v
done also by derivation with respect¥g, and taking the —1),
limit wi=1, w;=w;; =w.

In conclusion, we have demonstrated that in the 8H$
and(68) there are no contributions from higher excitations.

We must make an important distinction between the dif-
ferent SRs that we have obtained. On the one hand, there af8€ obtains, at zero recoil,
the SRs to which contribute the whole seriesj Bfexcna-
tions. On the other hand, we have obtained two special SRs — (n) 2_ (n) M'1)—
(67) and (68), where only a limited number of intermediate 4; [732(1)] 8; T32(1) 31 (1) — 4
states contribute.

One can understand the truncation of the series in this XE 7(1’,‘2)(1)7(1?2) (1)=—3p2+47?, (110
latter case because the SRs correspond to the boundary con-
dition w;=1, w;;=w;=w. Therefore, the matrix element

<D(”(v’)IFISC,)Flth’i’)lB(vi» is computed at zero recoil,

2
EW)=1-pA(W—1)+ - (W=1)*+-, (109

and from relation(55) for p? one obtains

hence the finite number of terms in the expansion. As we E (M) ()" 2
have seen, the SF67) obtained with the axial vector cur- o 12p —22 TR R (L) -2 AR AR (D).
rents implies at zero recoil the Uraltsev $8¥). The corre- (112)

sponding SR from the vector currgi®8) is the Bjorken-type
counterpart and indeed implies, at zero recoil, the BjorkenVe can also differentiate relatid@06) relative tow and take

SR for the slopd56). the zero recoil limit:
On the other hand, since all the SRs that we have obtained
are exact relations, we can differentiate them relativevto (n) 2 (ny’
and, for a given derivative, taking the zero recoil lirit 22 [732(1)] +42 73’2 )7312(1) = 42 71,2
=1, the series will be truncated due to the higher powers of ,
the recoil w—1)¢ as¢ increases. Therefore, one can expect X (DB (1)=—p? (112
to obtain information on higher derivatives of the elastic IW .
function £(w), as we have done in Refl15]. and from Eq.(55) we obtain

12
2 (n) (n),
S — 1 1 1
VI. A BOUND ON THE CURVATURE FROM THE NEW P 5 z ()7 (1) - 2 m2(1) 732 (1) .
SUM RULES (113

In the preceding section we demonstrated that the SRS Combining relationg111) and(113) one obtains
(67) and(68) do not have contributions from higher excited
states, i.e., we can omit--- in these equations. This is an
important result that means thttese SRs, involving only
Ew), #M(w), and 7§}(w), are exact relations for all w
namely, Equations(113 and (114) are important results of the

present paper. We must insist on the fact that they are exact
relations, as no other higher excited states contribute to the
(n) (n) _ (n) (n) _ sums in the RHS.
2w+ 1); 7ar2(1) 732 W) 4; T2 D) Tz (W) = E(W), Let us now discuss these formulas. If we make the plau-
(106 sible assumption

=—32 (1) 7 (1), (114

114009-11
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-2 AR ABD)>0, (115

the following inequality follows from Eqs(113) and (114):

5
2~ 2
o=gp"

(116
This inequality, from the lower boune?=2 [6,12], implies
the absolute bound

15

2> -

The assumptioif115 is valid if then=0 state dominates
the sum, and if{%) (1)<0. This latter condition is very

PHYSICAL REVIEW D 67, 114009 (2003

Although it remains to be proved, it is highly plausible
that these models satisfy the whole set of SRs of QCD in the
heavy quark limit, and therefore the new clad443 and
(114).

Finally, from relation(114) we get the following result for
the curvature, compared with the direct regti21) from the
elastic IW functioné(w) (118):

o?=1.5=1.31+contributions formn#0 excitations.
(122

We can conclude that there is an excellent qualitative
agreement between the slope and the curvature of the elastic
IW function as given directly from its calculation and as
estimated from the SR413) and(114), if one assumes that
then=0 states dominate, as already has been checked using
the Bjorken and Uraltsev sum rules.

natural, since it concerns transitions between states of radial

guantum numben=0, and therefore with no nodes in the

wave function.

VIl. PHENOMENOLOGICAL REMARKS

In the Bakamjian-Thoma&BT) type of relativistic quark

VIIl. CONCLUSIONS AND OUTLOOK

In conclusion, within the OPE, we have presented a co-
variant method, using the trace formalism, to obtain sum
rules in the heavy quark limit that relate the elastic Isgur-
Wise functioné(w) to IW functions of transitions to excited

model, we have shown that Bjorken and Uraltsev SRs arétates.

satisfied[17]. Moreover, these SRs are approximately satu-

A main ingredient has been the introduction of the domain

rated by then=0 states. We can add that the slopes of allof the three variablesw; ,w;,w;;), that allows a systematic

three IW functionst(w), 753(w), and 7{%)(w) are negative

way of exploring all possible SRs. In particular, we have

[18]; namely, a good approximate parametrization of thesdiven a simple and direct deduction of Bjorken and Uraltsev

functions is given by

2p? © 2 \20%,
N Y Ts/z(W):(vm ’
© 2 205,
7'1/2(W) = Vm (118

In the spectroscopic model of Godfrey and IsgGi), one
finds the results

£1)=1, p?=1.02,
79(1)=0.22, ¢2,=0.83,
793(1)=0.54, ¢5,=1.50. (119

We observe that on approximating the RHS of Bd.3) with
then=0 states this SR can be written

p?=1.02=0.95+ contributions formn#0 excitations.
(120

The inequality(116) is satisfied also in the BT scheme, since,

for example, in the GI spectroscopic model
p’=1, o= (121

and the inequality(116) becomes 3/25/4. Therefore the

SRs, with generalizations of the latter for= 1. The simplic-

ity of the proof relies on the choice of the pseudoscd@ar
mesonB(v;)—DM(v")—B(v;) and of currents projected
on the initial and final velocities; andv¢, like (I'{,T"5)
=(v;,b;) or (4;ys,bys). This simplifies the calculation
enormously, since it gives vanishing contributions for half of
the possible intermediate states. Notice that we obtain the
same SR$48) and(60), if we use ("1,[',)=(4",¥") or (1,
D)and [1,I'2)=(&" vs,8" ys) Or (i ys,ivs).

Moreover, a new class of SR, involving on the one hand
IW functions at zero recoil and on the other hand IW func-
tions for anyw have been obtained. These SRs reduce to
known results fow=1.

Among these new SRs, we have found two new relations
that involve only the elastic IW functiog(w), and the ex-
cited 7{(w) and 7§(w), with vanishingcontributions for
all other IW functions between the ground and higher excited
states. The vanishing of the stat¢s has been shown ex-
plicitly, using the corresponding wave function. We have
generalized this result, demonstrating that all contributions
of higher states with*, j=3, vanish identically. An impor-
tant ingredient in the proof was a compact formula for the
polarization tensor saturated with initial and final four-
velocities.

These new SRs are therefore very strong and provide new
results that relate the slopé and the curvature? of £(w)
to #N(1),7%(1) and B (1),75) (1). Modulo a very
natural assumption, these SRs imply the boufiek 3 p?.

On the other hand, as a phenomenological remark, we

conjecture(115) is satisfied in the model. Notice that BT have shown that these new SRs fdr and o> are in good

quark models satisfy Bjorken and Uraltsev SR3].

agreement with the numerical results obtained within the

114009-12
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Bakamjian-Thomas relativistic quark models, which satisfy J
Isgur-Wise scaling. In this framework, the SRs are saturated mw = M Ny (A2)
. - LS N RS R My Ry TPy
to great accuracy by the=0 intermediate states. A=-J
Which are the prospects for this work? The main aim
would be to obtain all possible usable SRs. By “usable” we
mean SRs that involve onlg(w) and 7{)(w), 753(w).

In this appendix, we intend to deduce an explicit expres-
sion for this tensor. The basic result is

For the moment, we have concentrated mainly on the 1. ropp) oLt
case, which appears to be simpB{v;)— B(v;) with sym- f RS RN !
metric currents, projected along andv¢. One should also (312
study the case of the transitionB(v;)—B*(vs) and =23(2J)|(wi2—1)“2

B*(v;)—B*(vs) and nonsymmetric currents likd'(,I",)
=(4;,4;), (¥;,4'), etc., or equivalently I(;,I'y)

=(¥,, %), (Yu¥5,7,7s),... for which in general all inter- ><(wf2—1)3’2P3<
mediate states contribute. We have explored a number of

these nonsymmetric situations for the pseudosdalareson
and found confirmation of the results presented here.

The case of th&* is rather involved because of the po-
larization, mainly in the case of nonsymmetric currents, as
used by Uraltsev in finding his SR. We have given in Appen-
dix B our covariant version of his calculation. andP,, is the usual Legendre polynomial.

A systematic complete study remains to be done and may The matrix elementA3) is a polynomial inw; ,w; ,wi; .
be worthwhile. In particular, it would be interesting to check Using explicit expressions d?,,, one has the two following
if the conjecture(115) on 7ij}(w), satisfied by BT quark ysefyl expressions of this polynomial:
models, that leads from the SR obtained here to the inequal-

WiWg— Wis ) (A3)

Viwy—1)(wg—1)

where v; and v; are arbitrary velocity four-vectors,
w; ,W¢ ,w;¢ are the following scalar products:

W;=v-vj, Wi=v-0s, W;=0i'Vs, (A4)

ity o?=%p?, is or is not a result of heavy quark symmetry ,#1...,4 @) il ?d
[19] f f A RS A i
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— (wywi—w;ip) %, (AB)

APPENDIX A: PROJECTOR ON THE POLARIZATION

TENSORS whereC; , andC}, are the numerical coefficients given by
DR (23— 2k)!

2! KII=K)(I—-2Kk)!"’

The polarization state of a relativistic boson is commonly
described by a polarization tensor, generalizing the polariza-
tion vector of a spin 1 particle. The polarization tensors of a
particle of integer spird are the tensors ..., of tank J , ‘ J_Zk(\]!)2 J!
which satisfy the following conditions:(1) Symmetry: Con= D2 55T a2 a=2K)1 -
€ for any permutationo of 1,...J; (2) (A8)

Cyx=(—1)% (A7)

K1ty - Koy "Ha(a)

vanishing contractionsor tracelessness g"* &,,/.,u;  The expressior(A5) is useful when considering the limit

=0 (when J=2); and (3) transversity:v¥“e,, ...,,=0,  y,—p in which w;—1 andw;—w; (or as wellv;—v in

wherev is the four-velocity of the patrticle. which w;—1 andwj;—w;). The expressioriA6) is useful
An orthornormal set of 2+1 polarization states will be when considering the limit;—uv; in which w;;— 1 andw;

described by a smﬁfl),,ﬂJ of polarization tensors satisfying —w; . Indeed, thekth term in Eq.(A5) or Eq.(A6) vanishes

the following normalization conditions: at orderk, and only thek=0 term survives in the considered
limit.
g:ulV:L.ngMJVJS()‘) (80') ¥ =(—=1)%6,, . (A1) In this paper the matrix elemen{3) are all we need.

L AN S R

However, as we shall see, the full expressiodIéf) can be
Then, when summing over the intermediate states of a padeduced from these particular matrix elements. For brevity,
ticle of integer spinJ, one has to deal with thprojector on  we write this full expression for a particle at rest, in which
polarization tensord1(®) defined by case only the purely spatial components are nonvanishing.
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The tensod1{? ., for an arbitrary four-velocity k!(2n—2k)!

. ) Lol : fo=(—1)ko2k ——__— (A11)
is readily obtained from the formula below by the substitu- : (n—=k)!(2n)!

tions

In this formula(A10), Cl andCJ are the complementary sets
in {1,2,...n} of the subsets andJ. For a seX, P,(X) is the
set of partitions ofX by two-element subsetgrecisely, un-
ordered partitions, or partitions as sets of subsétsr two

Oii = O TULU L

Sigy ™ " ugrg TVuL vy (A9)  setsx andY, B(X,Y) is the set of bijection¥— Y.
[There is a logical subtlety in thémportan} termsl =J
Sy — "o T UL - =0 in Eq. (A10); namely, one has
The formula is > II 6., .=1
Je Py(0) rr'yeg rr
i ;j1~~jn:0<k<n/2 fn,kl J;lzm The reason is that the s@f set3 P,(0) is not the empty set
o |i|:|{J|:2n|i (else the sum would be)Obut is{0}. It contains the only
element J=0 (the empty set and the product
% IT s, ) Iy e g6 i, of an empty family is conventionally 1.
JeP) riyeg In words, a term in Eq(A10) is obtained as follows.
Select an even numbek2f indices among th&s and also
X H S ) among thg’s. Match the remainings with the remaining’s
seB(Cl,Cl) sél S and include a factos;; for each matched paii, j). Divide
the Z selected’s into pairs and include a factd;, for each
x> 11 5 ) (A10) pair (i,i’). Divide the X selected’s into pairs and include
T ePpd) (tt'es O a factorg;;, for each pair {,j"). Different terms correspond
to different such products of’s. The lower rank §<3)
with tensors are written
|
Hil;jlzéiljl’ (A12)
1 1
Hilriz;ilvjzz §(5i1115i2j2+ 5i1j25i211)_ 3 5i1i251112’ (A13)
1
I i igiiniz is™ g (Oisis0iin0igis ™ Oiis Giyigdigi,+ Oiin Oy Sigig Oy Oiigigiy + OigigOiiy Oigiy + Gy Giiy Oigiy)
1
B 1_5( RPN A NP A I NI Y P R I Y P T P Y P I P IS
1513913130431, Oigig Oy Oisia T igig Oigiy Oii)- (A14)
|
Reduction to a three-dimensional problem (2" Tracelessnes§iism3...iJ=O (whenJ=2).
We now turn to proofs of the above results. As a prelimi-The orthonormality condition§Al) are written
nary step, observe that the problem is reduced to a three-
dimensional problem. Indeed, due to Lorentz covariance, it is ,
P S N (e )r =5, (A15)

enough to consider a particle at rest, namely,(1,0). Then i,

the transversity conditioi3) above amounts to saying that ) _ )
0 if oneof the indices is 0. Therefore, a polariza- The tensorll is also purely spatial and, according to Eq.
|(A2), is given by

e =
MMy
tion tensor is completely determined by its purely spatia
components; ...; , all the other components being zero. On J
these three-dimensional tensors, the conditions of symmetry I i i = > si(lx.)..ij(si(},).,i;)*- (A16)

(1) and of tracelessnesg) are written as: A= v
(1) Symmetry:e; ..i =i ..., for any permutation Byt the preceding consideration identifies this spatiahs
oof 1,..0. the projection operator, in the space of tensors of hnin
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the subspace of traceless symmetric tensors. Indeed, accoidoreover, these coefficients do not depend on the particular
ing to Eqg. (A16), the tensorEii...i3Hi1..,iJ;ii...igTii...iJr is  order of coupling chosen in EGA19) (first couplingJ; and
traceless symmetric for any tensby,..;, and, according to JzaBa”d t.henl coupling the result ﬂt%)- findis from E19

y a simple recursive argument, one finds from
Egs. (A15) and(A16), one has that the coupling coefficients efangular momentd,,...,J,

to the maximum valud,+---+J,, are given by

;E/ Hil'"iJ;ii"'iésii"'igz8i1"'iJ (Al?)
i (Jp+-+30 M[I1,. 3 My, M)
for any traceless symmetric tenser .. . s c(J1,My)---c(Jn.My) (A22)
The problem of finding the projector on the polarization MMM 3+ +3,, M)
tensors is now reduced to the problem of finding the projec-
tor on thespatial symmetric traceless tensors. and are independent of the order of the couplings. Recall that
the |J;+---+J,,M) are basis states of thh +---+J,, an-
Deduction of the projector’s particular matrix elements gular momentum subspace in the tensorial product of the
by standard methods of angular momentum coupling Ji--+J, representation spaces of &) and that the coeffi-

cient (J;+---+J3,,M|J1,....3,,M1,...,M,)) is the scalar

Let us now turn to a proof of EQA3). The space of rank product of the statéJ; +--+J,,M) with the basis state

J tensors is just the tensor product of a numbeof the
angular momentum 1 representation of the rotation group.
The subspace of traceless symmetric tensors is just the sub- 91,30 My, M) =31, M) ®- @[3, M)

space of angular momentu) as can be understood since (A23)
this subspace is used to describe the spin states of a particle .
of spin J. in the tensorial product space.

Our problem is now reduced to the couplingafopies of Now we may take the case of interest to dg=---=J,

the angular momentum 1 into a total angular momenfum =1, with theJ=1 representation of SW) in the form of the

We now on use standard methods of angular momentum co@rdinary rotations irC* space(complexified ordinary three-

pling. dimensional spage The tensorial product space is just the
The Clebsch-Gordan coefficients for the coupling of twospace of tensors of ordey and thel; +- -+ J,=n subspace

angular momenta; andJ, to the maximum valued;+J, isjustthe subspace of traceless symmetric tensors. The states

has the following simple factorized form: 11,...,AM4,...,M,)) are the tensorial products of standard
basisvectors|1, My of (3, and the statel,M) constitute a
(J1+32,M[J1,32,M1,My) standard basis of symmetric tensors. We are interested in the

scalar product of the tensots,M) with the tensorsx®"
(A18) [(>2®”)i1...in=xil- X ] foranyxe (3. Therefore, we have to
expand the tensor€®" in the basig1,...,d1M4,...,M).
The qualifier “standard” above means in conformity to
the standard definition of the Clebsch-Gordan coefficients.
Ja The standard basis 6f is

(A19)

_5 C(‘JlaMl)C(‘J21M2)
COMMEMy 63,4+ 3,5, M)

with

c(J,M)

CJAEMITA=M) 1
1L,D)=f1=—— (& +i€,),

The coupling coefficients of three angular momenta V2

J1,J,,J3 to the maximum valud,+J,+Js, defined by

(3354 35 M[35.,5.35, My M. Ma) 119 =fo=8,
:% (I1+ 35433, M[J1+35,35,M" ,M3) 11— 1>=f11=i(él—iéz). (A24)
v2
X(J1+35,M"[31,35,M 1, M), (A20)
where €;,6,,6;3) is the Cartesian basis. Then a vecior
are easily calculated from E¢A18): =X16;+ X,6,+ X363 € C3 can be written

J1+3,+33,M|J1,3,,J3,M,M,,M . .
(J1+32+33,M[J1,33,33,M 1 , M5, M) Xi—iXp.  XytiXp.

—5 C(\]l,Ml)C(Jz,Mz)C(J3,M3) = Vv f1+ V3 f_1+X3f0 (AZS)
S MMM 633+ 0,4 33, M)

X

(A21) and the tensorX)®" is expanded as
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n! V(2n)!
()_())®n:2 kik’! —k—k’ |(_1)k C(n,M): ( ) y
oo Kk!(n ) J(n+M)I(n—M)!
x(xl—in)k xatixe c(1)=1, o(1,O0=v2, c(l-1)=1. (A30)
3
V2 v2 Therefore
xSym(f) ke (f_*F a(f)*" K (A26) "
(2n)!
i ; i (n,M[(x)®")sM
where Sym is the projector on symmetric tensors M0 (n+ M) (n—M)!
1 X1 —IiX X1 +ix n
(Sym T)il---in:m; T o S A [Ty SRV > 2571 . (A31)

Actually, equipped with the symmetrized product, the sym-Comparing this to the generating function for the solid
metric tensors constitute a commutative algebra, so that thepherical harmonic3) (%) =|%|-Y}"(%X), which is
formula (A26) is just obtained by multinomial expansion.

Then we have L (L)!
W(rsM
RS n ) M==L \(L—M)!(L+M)!
(n,M[(x)®") = 7 ~—(—1)
ke KIKH(n—k=k")! V2L+1 (X —ixy _ X, +iXa
_ 1
) g = Jin 5 S +Xg— 5> S| (A32)
X(xl—ixz) x1+ix2) m
V2 V2 we arrive at the fundamental result
X (xg)" K (nM|(Fp) ke (F_p) ¥
) : (NM[(x)®") = 2" = J TIN(N)*. (A33)
& (fo) N kK (A27) J(2n+ a

where the Sym operator has been dropped because the cdtrom this we compute the matrix eleméiy) “"|T1,|(X)“")
pling coefficients do not depend on the order of the cou-of the sought projectoll, (on the traceless symmetric ten-

plings. Formula(A22) now readily gives sorg. One has
n! n
®n —_ 1)k F\on J\Ony _ 7\ ©N\ % 2\@n
(M= e (Y (92" (%) >—M;n (NM(5)")* (n,M](%) ")
Xl_iX2 Xl+iX2 , k=K' n_~ "7 (n *
x( - ) e ot 3 WG
c(1,)%c(1,0" kK e(1,—1)% (A34)
oMk c(n,M) : and using
(A28) n o
2n+1 X-y
Mgy VM (g * — ~dtvild=) 7
An easy calculationjust undoing the multinomial expan- M:E—n I (I (¥) X171 n(|x||y|)

sion) gives the following generating function for these (A35)
(n,M[(x)°"):
one readily obtains
n

,M ,M 2\ ®N\ oM N N !2 ~inl.—
Y2, MM s <(y>®“|Hn|<x>®“>=2”((;];! "yl

(A36)

X1 —IX
=| —-c(1,) ! 2s+c(1,0)x3 ) o )
One may then introduce explicit expressions for the

Legendre polynomial®,,:

_ _ w -1 2
c(l-1)——s7 . (A29) 1 . (2n—2k)! o
_ _ n—
Pr0= 25, 2, D iz
According to formula(A19), we have (A37)
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P _ 1)k 1 n!
=0 2, Y Gz =21

X X" 2K(1—x?)K, (A398)

and we obtain the following explicit expressions for

(NI (x) 1)

(MO = 2 Ch k(KX Y)" 2K (y?)"

<k=n

0o=<k=n/2
X[R29%— (%-§)2]K, (A39)
B (nh?  (2n—2k)!
Cn,k—(_l)k(zn)! kl(n—k)!(n—2k)!"
r;,k:(_l)kzn*ZK(n!)z n (A40)

(2n)! (k2(n—2k)!"

To go back to an arbitrary velocity and obtain Eq(A3),
just setx=uv;, y=0s, and use the following formulas:

02=(vi-v)?—vi=wl-1,
0f=(vr-v)?—vf=wi -1,

Ui 05=(0i-0) (V- 0) U U= WiWE— Wig . (A4D)

Deduction of the projector itself from its particular matrix
elements

matrix elementg (y)“"|I1,|(X)®"). To see how to proceed,

We now present a deduction & ; ;. ; from the

PHYSICAL REVIEW D67, 114009 (2003

not depend ors;, and the corresponding=0 ands;=1
terms in Eq.(A42) cancel. Then, sincg,+---+qg,=n, the
only term of Eq.(A43) contributing to Eq.(A42) is q;=-"-
=q,=1. The right-hand side of E§A42) is therefore equal
to

(—1)Stttsnlsy- s F(Xq,... Xp)

).

Using Eqg. (A42), we can now deduceHil ,,,,, gy
from the matrix elements in two steps. As a first step, let us
apply formula(A42) to the multilinear symmetric function

()71,...,)7n)—><)71®'“®)7n|Hn|(>?)®”> (A44)
with X fixed. This gives
5 = ony_ (Z D" Sptts
<yl®"'®yn|Hn|(X >: n! 2 (=)= n
PS8,
Oésisl
®n
><< Z Siyi) |Hn|(>?)®n>,
(A45)

or, using Eq.(A39),
<Yl®' ' '®y)n|Hn|()-())®n>

(=D
n!

Cn,k(iz)k
0<k=n/2

n—2k
X (—1)51*'*%(2&(%-%))
S1

..... S I
let us consider a multilinear functidf(Xy,...X,), which is Ossi<2
symmetricin the permutations of itsn vector variables 21K
X1,...,Xy. Then it can be recovered from its diagonal values % 2 SiYi) } _ (A46)
F((X)n)=F(X,...X) by the following formula: i
(=" Then we work out the multinomial expansions
F(X1,.. . Xn) = — (—1)stt e
N sy o n—2k (n—2Kk)!
O=sj=<1 2 Si(yi'x) = T
> - i up, =0 Ugleeeup!
XF((s1X1+- -+ 5,X,)N). (A42) ug+-+up=n—2k
Indeed, expanding=((S;X;+- - +S,Xn)n) by multinearity " o
and collecting terms equal by symmetry, one has xiljl (s)"(yi-X)%, (A47)

F((Slil'l' st Sn)_()n)n)

= 2 n—lsql. .

qllqnl 1 'SgnF((il)ql’"'v(in)Qn)a

(A43)

where the notation%)qi [also used in Eq(A42)] stands for
the g;-uple (X;,...X;). A term in Eq. (A43) with some g
vanishing gives no contribution to EGA42) because it does

27k k
HE siyi) } :( E sisi (Yi-¥ir)
! 1<i,i’<n

k!

U]_]_!Ulz!' "Unn!

- 3

U11:V125--4 Un—1n:Ynn=0
vy1tvot o Fonn=k

X IT (sisi)vi(yi-yi )b, (A48)
ii'=1
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Using this in Eq.(A46) and collecting the powers & , we
have

<y)l®' "®y)n|Hn|()_())®n>

_ (="
n!

Cn,k()_()z)k
0=<k=n/2

5 (n—2K)!
BT
V11,012, Vn-1n:0nn=0 Y17 Und
vy1tvgot - topp=Kk

X
Ug,...,.us=0
Uyt t+up,=n—2k

k! !
—1)S1t sy s )Pi
vl vl op! slz,sn (=1 iljl (si)
Ossj=<1
n n
| T g0t T1 6 y)] (A49)
= ii'=1
where the exponer; of s; is
n
Pi=Ui+ X (it i), (A50)

i'=1

Notice now that, for values of the,’s and of thev;;,’s such
that some exponerg; vanishes, thesiO:O and thesioz 1

terms cancel. Since, according to the constraints orujlse
and thev;;/'s, one has

n
Ui+2 E Uiirzn,
ii'=1

(A51)

we are left with the values of the’s and of thev;;.'s such

thatp,;=---=p,=1. These values can then be only O or 1, Sog, anyi el

thatu;!=1 andv;;,! =1. Moreover, we then have a factor
S1°*Sp, SO that onlys;=---=s,=1 contributes. So Eq.
(A49) reduces to

<V1®' "®37n|Hn|()z)®n>

k! (n—2Kk)! i
= > Tk
o<k=n/2 n
n
. » NEEG
Ug,..., Up 011,011,012, ¥n—1n:Vnn=0 | 1=1

upt--t+u,=n-2k
Uitvqjt+-topitojrt+-+op=1

x| I1 (yi'yi/)viill (A52)
ii'=1

where we have dropped the constraﬂﬁ,zlv” =k since it
is implied by the remaining constraints.

PHYSICAL REVIEW D 67, 114009 (2003

Since theu;’s take only the values 0 or 1, we can replace
(uq,...,uy), as the summation variable, by subseétof
{1,...n}. It will be convenient to use the subset related to
(Ug,...,uy) by I={ilu;=0}. The constrainti;+---+u,=n
—2k is translated into the constraifit =2k, and formula
(A52) becomes

(Y1®- @[, (%) °")

k! (n—2k)!
= —————Cp (X)X > T g
0<k=n/2 n: 1C{1--n} | gl
||L2k
X > (Yi-¥ir) }
U11:011:012+--Vn—1n Unn=0 ii’el
Uli+"'Uni+vil+"'+vin:0(i$|)
vijttopitoppteotoi=1(el)
(A53)

Consider now the constraints on the.’'s. If i¢l or
i"¢l, we havev;;;=0. We are left with thev;;, for i,i’
el, constrained by

> (i Foi)=1 (A54)

4
i"el

for any iel.

Notice thatv;; =0, sincev;; occurs twice in this sum. Let us
then replace the;;.'s, as summation variable, by the sgbf
two-element subsets ofrelated to thev;;,'s by

J=H{i,i"}vii +vii=1). (A55)

there is, according to E§A54), one and only
onei’ el such that{i,i'} € 7. In other words,7 belongs to
the setP,(l) of partitions ofJ by two-element subsets. Con-
versely, if 7e P,(1), the values ob;;, +v;,; defined by Eq.
(A55), namely,

Uii/+vi/i:1 |f {i,i,}El vii’+vi’i:0 |f {|,|,}$L7,

(A56)

do satisfy the constraint@\54), since for anyi €1, there is
one and only oné’ e | such thafi,i'} e J. Now, Eq.(A56)
does not determine completely the values ofihes. When
{i,i"} & J we must havev;;,=v;,;=0, but when{i,i'}e J
we have two solutionsv;i»=1, v;;j=0 andv;;»=0, v/
=1. Since|J|=k, we have in all ¥ values of thev;;,’s
corresponding to eaclye P,(1). However, values of the
v;i+'s corresponding to the sameg give equal terms in Eq.
(A53) and, lumping these terms together, the formiA&3)
becomes
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SRR AT NIECUR e

o<k=n/2 n! n.k

II vl

JePo(D) {ii'teg

(A57)

As a secondand last step, let us apply formuléd42) to
the multilinear symmetric function

PHYSICAL REVIEW D67, 114009 (2003

(Xg1e0e Xn) = (V1@ @Yo | I [X; @@ X,)  (A58)

with (Y4,....¥,) fixed. This gives
(V1®- @Yl 15[ %,®- - ® Xn)

(-1

E (_1)Sl+---+sn

®Xn
x<y1®~~~®yn|nn|(; sjij) > (A59)

or, using Eq.(A57),

. . . . (=" k! (n—2k)! ..
(Y18 @Yo I %1 @ ©Kp) = — e —Chi X% (Vi ¥ir)
Nt o<k=nr n: Ic Y| TP fiintes
|Ii=2k
21k
X X (st +Sn(2s,x,) [I;II Esj(yﬁ-x*p (AB0)
o<"s"él
Using the expansions
_ (Z s,-(y?-i,->)= > { L1 (spUicyi- ) (AB1)
el j uij>0(|¢l,1sjsn) el
Ujg+- - +ujp=1 SIS
271k k
J 1<j,j’sn
k!
= _ SiSi )il (X - Xi AG2
V11,0125 Un—1n Vnn>=0 v1'vagl { Jl_[—l( = X s g ( :

vy1tv ot Fonn=k

in Eqg. (A60) and collecting the powers of th&, we have

(— 1)n

Q- @Y1y X1® - X)) =
<y1 Yn| n| 1 ”> 0o<k=n/2 n!

X

uj=0(i ¢1,1<j=<n) v11,012,---Vn-1 V=0 vifvgl
vy1tviot o tugn=KkK

{ IT -X’wvw]. (A63)

Ui+ +ujp=1

x| TT (g %)H
Tel
1<j<n

ji'=1

where the exponen; of s; is

n
pJ:iZﬂ uij+ 2 (vj’j+vjj’)
=1

KL (n—2K)!

n,k
Ic{1l-n}
[I]=2k

TJeP() fii'teg

k!

(AB4)

According to the constraints on thg;’s and thev;; ’s, one has
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n n
2 p= 2 upt2 X vjp=n, (A65)
j=1 Ie_él J',J',:].
1<j<n
and, by the same arguments following E449), one sees that only the termpg=---=p,=1,s,=---=s,=1 contributes to
Eqg. (A63). So Eq.(A63) reduces to
. ) . )  (KDZ(n—2k)! o
(Y10 @ Y[ T, X1 ®- - ®Xn) = a2z Snk (Yi-Yir)
o<k=ni2 (n!) |ch~--n} TEPYD) (iitve s
[1]=2k ’
n
X > IT i-xpuil| IT %-%0%i'|.  (A66)
Uij ,v”rZO(ie&I,lSj,j’Sn) I¢I j,jI:].
) 1<j=n
2lsjsnuij:l(|¢|)
2i¢|uij+Elgjrgn(yjj/+Uj/j):l(l§j§n)
|
Consider the constraints on thg's: This last summation on the;;.’s is exactly the same as

the summation on the;;,’'s in formula (A53), and is treated
n in the same way. It is replaced by a summation on the parti-
E uj=1 for all iel, 2 ujs1 for all 1sj<=n. tions J' e P,(J) of J by two-element subsets. To each
=1 Tel correspond 2 solutions of thev;;, constraints, which give
(ABT7) equal terms in Eq(A69). Finally, we obtain

The solutions of Eq(A67) are in one-to-one correspondence (y;®- - @y, |I1,|X;®- - ®X,,)

with the set of injective maps: Cl—{1,...n} by )
(KD “(n—2Kk)!

uj=1 if j=v(i), u;=0 if j#v(i). (A68) = (n)? ' Ill,lJ_C‘{Jl‘_én&
Indeed, the first constrairfA67) says that to eache | cor- % E 1—[ .
responds one and only ofe v (i) such thatu;; =1, and this TP i i,}EJ(y' Yir)
defines a map: Cl—{1,...n}. The second one says that, for '
eachj, there is at most one¢ | such thatu; =1, and this y

means that the map is injective.

We can therefore replace theg;’s, as summation vari-
ables, by the injective maps Cl—{1,...n}. Furthermore, it
will be convenient to replace by the pair §,0) whereJ
=Cuv(Cl) is the complementary subset of the imagevof
and o: CI—CJ is the bijective map induced by. Then Formula(A10) is just formula(A70) with
formula (A68) becomes

oceB(CI,C) i¢l

I1 (Vi'ia(i))}

X

> I &%)

T eP() {ij'ted

(A70)

()71:---a)7n):(éilv---1éi ), (il,...,xn)=(é]~1,...,éj )

n

<yl®' "®yn|Hn|Xl®' "®)zn>

(K1Y2(n—2K)! where €,,6,,8;) is the Cartesian basis 6.
, (K! !

= (n! )2 nk Direct proof of the expression of the projector
o The expressiotA10) for the projectodl; ;. . on
><| JC%_”n} T (¥i-Yir) the symmetric traceless tensors has been obtained by rather
li[=13[=2k hifes lengthy and indirect arguments. However, once expression

(A10) is known, it becomes possible to verify directly that it

x| > I Gi-%oy) gives the sought projector. We do this now, obtaining a new
oeB(CLCY) iel proof of Eqg.(A10). This new proof goes on, without added
n complications, for an arbitrary dimensid@n of space.
% 2 [ H ()-()J"Xl’)vll"| _We thus conside_r now EqA10) as atentative formula _
v} =0(1=],’<n) ij=1 with unknown coefficients, . Let us enumerate the condi-
Sa<jr=n(vjjrtuj=0(j &J) tions for theHi1 ,,,,, iniigedy 1O be the components of the
21sjr<n(v“r+v]—ri)=l(jEJ)

projectorll,, on the subspace of the symmetric traceless ten-
(A69) sors(in the space of alh-rank tensors
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First, the image byl of any tensor must be in the pro- whereP, is the set of permutations of the ddt,...n}. Tak-
jection subspace. For the components, this means that famg into account the symmetry inl i and since|P,|
fixed (j1,..-,jn), the n-rank tensorl'[i1 ,,,,, iiigedy 1S SYM- =nl this is the same as
metric traceless. Therefore we have the two conditions.

.....

(L) I, iy, IS symmetric with respect to the N o08iy, iy = gy (A77)
I’s; Therefore, condition 3 just fixef, , for k=0:

D
2 S, I, . =0
( ) ilgzl iqipttiq,..) [ P in fn,Ozm' (A78)
for all ig,....i0,j1, sin- (A71)

o ) . Condition 2 is the hard one. The first thing to be done is to
Next, IT, must transform into itself any tensor in the projec- rewrite Eq.(A10) in a form where the occurrences of the

tion subspace. This gives the following third condition: jngicesi, andi, are explicit. The result of this step is for-
D mula (A83) below. To alleviate the formulas, let us introduce
he following notation:
3 E i i ind €l =€iy,0 (AT2) the following notatio
i1, Tn=1 1 n:J1 n J1 n 1 n

for any symmetric traceless tenser | . X(h= >, | 11 Si i

Conditions 1, 2, and 3 say thk,, is someprojector on JePal) {ri'tes
the symmetric traceless tensors. To specify it completely, we
must add thall,, is the orthogonalprojector(i.e., it annihi-
lates any tensor orthogonal to all symmetric traceless ten- Y= 2 H , Oy
sor9. It is equivalent to saying thdfl, is a symmetric(or T ePd) {tt'}ed
Hermitian operator. This gives a fourth and last condition:

(0 2 U U RO Mol 1 SURURN BTSN A (A73) Z(I"]):UE%(:I’J) SHEI Oigi o) (A79)

Let us see now if we can satisfy these conditions with the
formula (A10). for subsetsl andJ of {1,...n}. We will use the following
The conditions 1 and 4 are easy. They are satisfied indedbvious relations:
pendently of the coefficient$, ,. The symmetry with re-
spect to thé’s stems from the fact that only treet{1,...n}
of the numbers which specify thiés enters in Eq.(A10). X(h= > 8i, i, X(I={u,v}) (uel fixed),
The symmetry with respect to the exchange ofitseandj’s vel-iu (A80)
is also clearly satisfied by EgA10).
Condition 3 is not difficult to deal with. Notice that any

term in Eq.(A10) contalr'nng a factoréjtjt, g.|V(.as no contri- Y(J)= 2 5J-u,ij(J—{u,v}) (ued fixed),
bution to the left-hand side of EGA72). This is due to the ved—{u}
fact that.sil ,,,,, i is symmetric traceless, so that (A81)
D
84, &iy0nd, = 0. (A74) Z(|,J)=ZJ & Z(1—{u},d—{v}) (uel fixed).
jt ,jt’zl n ve ulv
(A82)

The only terms in Eq(A10) without any factors; ; , are the

ones withJ empty. ButJ=0 implies k=0 andl=0. So,  With this notation, Eq(A10) is written
with the trial formula(A10), condition 3 takes the form

D n
m - f
fio > > 1l 6y & i =ei i, il e T o 42 TG AL
MO =1 ooh, sm1 S T dn T Tty (A75) ) NEEETART P
xX(1)Z(Cl,CI)Y(J). (A83)

The sum on the subsets {1,...n} is decomposed according
- (A76)  to the four possible cased (@},{2},{1,2) of intersection
b of | with the subsef1,2}:
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10, X(U{Lh =2 8,3, X(1—{u}),

R f

..... Inidqseo n,k

N = T F S
e

X X(Hz(C'lu{1,2,CJ
.c%.n} (hz(euida.ch X(1U{2h =3 8, X(1—{u}),
[I]=2k uel
+ > X(lu{ahz(c'tu{2},cd)
1C{3---n}
I[=2k-1 X(IU{1,2})=5ili2X(I)+UEI 81,81 X(1—{u,v}),
+ > X(lu{2hz(C'1u{1},cd) nr
1c{3n}
[I|=2k—-1
+ X xau{r,zen,enlya). Z('U{l}*J):% 8i,j,2(1,3={v}),
\I||C{2k "}
(A84)
Z(1U{2},9)= 2 &, Z(1,3—{v}),
In this formula, the summation variableis obtained from ved
the one 0f(A80) by possibly removing the elements 1 and 2.
FurthermoreC’l is the complementary set {i8,...n} of the
subset, while CJ is as before the complementary setloh ZOUI1.2 J)= 5 Z(1.3— A85
{1,...n}. Making the indicesi; andi, explicit is then ef- (1V{1.3.9) U,UEEJ 11y 9iz1, 213~ (U0 (A8S)
fected by the following obvious formuldsritten for subsets
IC{3,...n} and JC{1,...n}), which can also be deduced
from Eqgs.(A80) and (A82): One obtains
|
O = 2 fae 2 > > 8,8, X(HZ(CL,CI~{uph+ X X > 8,8
n " 0<k=nf2 Jﬁl IP} Iﬁfﬂ n}uif llllc{sé.kuni uel veld u
= u+v = —

XX(1—{uhZ(C'l,CI-{vhH+ > > 2 8,i, 61 X(1={uhZ(C'1,CI~{v})
|I|\C={e2‘k—n%_ uel ve&ld

+ 2 S XMZ(CLCH+ X D 8 8, X(I={u,pHZ(C'L,CI LY ().
TR (25 s

D
DI | IR fo| > X 28, X(DZ(C'1,CI~{u,uh)Y(J)
igip=1 n " o<k=ni2 chﬂlzl?}IﬂS n}ul;eJ
= u+v

+2 > > XX &, X(I—{uhZ(C'1L,CI—{uh)Y(I)
JC{1--:n} 1C{3--'n} uel ved
|Ji 2k |I|=2k-1

+D X X X(HZ(C'LCHYD)+ > X D b
Jci{1--n} 1C{3-- n} Jc{1--n} 1C{3-- n}uvel U
|JT 2k |1|=2k— |? 2k |I|=2k—2 u#v

X X(1 —{u,v})Z(C’I,CJ)Y(J)] .
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Next we rewrite the first, second, and last terms in the braces

in the same form as the third one. Let us transform a partial ; El EJ 8 j, XU ={up)Z(C'1,CI—{v})
sum in thefirst term as follows: ||| CiS o ustve

> 8,5,Z(C'1,CI-{uvh)Y(d =(n—2k) 2 ><<|>Z<c 1,CJ). (A93)

Jc{1-- n} uved
\J? u#v \|| 2k
= > > 8,5, Z(C'1,CHY(I~{u,v}). For thelastterm, the sum oveun andv is directly calculated
‘JJ‘C{lszrn% uulva by summing Eq(A80) overuel; we have
(A88)
S i X(1— =1|X(I) A94

The first sum is, at fixedi and v, over the subsetd that u%:e i XU e =[x (A94)
containu andv, and the second sum is over the subskts uev

that do not contairu or v. To each subset of the first kind

corresponds the subset of the second kind obtained by rélsing Egs.(A90), (A93), (A94), the three last terms in Eq.
moving u andv, and the original first kind of subset is re- (A87) combine, with a coefficient

covered by including back andv. This proves Eq(A88).

The sum ovewn andv in the right-hand side of EA88) is 2(n—2k)+D+2(k—1)=2(n—k+D/2—1), (A95)
then calculated. By summing EGA81) overue J, we have

and formula(A87) becomes
2 8,,YQ—{uph =PIV (A89)

u#v D

1)
Combining Eq.(A89) (with |J|=2k+2) and Eq.(A88), we  i;ii=1

have
= > fu2(k+l)
E 5; i, Z(C'l,CI—{u,u})Y(J) 0<k<=n/2—1
JC?1 ‘n} uved
13 u#v X E 2 X(1)Z(C'1,CI)Y(J)
CTs n} IC{T-n}
J' c{1--n}
|97|=2k+2 + fok2(n—k+D/2—-1)

1<k=n/2
Let us transform a partial sum in tlseconderm as follows:
X XX X(HZ(C',CHYQ). (A96)
> > 6, X(1-{uhz(C'1,CI-{v}) [EEPSE R v Py
|||\C{?ék n} uel ved U

We have suppressed zero terms in kheums: in the first
= > > Y s i X(HZ(C'1={u},CI—{v}). sum, the existence adC{1,..n} with |J|=2k+2 needs

II”C{3 n} uec’ ved U 2k=n—2, and in the second sum, the existencel afith

- |l|=2k—2 needs R=2. This adjustment of the summation
(A91)  pounds is important because now, after the change of vari-

. . ' ablek—k—1, the first sum combines exactly with the sec-
The first sum is, at fixedi € {3,...n}, over the subsetsthat - y

containu, and the second sum is over the subsetsat do ond one:
not containu. The formula(A91) results from the fact that 5
the two kinds of subsets are put in bijective correspondence
by removing or includingu. The sum ovemu andv in the i %:1 SigioMhiy ity
right-hand side of EqA91) is then calculated. By summing v
Eq. (A82 [, h
g. (A82) overuel, we have _ E [Kfo 1+ (N—k+D/2— 1)fy ]
1<k=n/2
> X5, Z(—{upd—{vh=11Z(1,9).  (A92)
il 5ea X > > X(HZ(C'1,CHY).
1C{3---n} JCTl ‘n}
Combining Eq.(A92) (with | -C’l, J—CJ, |[I|—n—2k) H=2k-2 |3
and Eq.(A91), we have (A97)
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We find thus that, with the trial formulgA10), the traceless-

ness condition 2 takes the form of the following recurrence

relation for the coefficients$,, \

Kfok_1+(n—k+D/2—1)f, =0 (1<k=n/2),

(A98)

and this recurrence relation, with the initial conditigk78),

uniquely determines thg, :

KT (n—k+D/2—1)
n''(n+D/2—-1)

! (n+D/2—1)1

(-1

n! k

fn|k:(_1)

(A99)

PHYSICAL REVIEW D 67, 114009 (2003

fn,k z 2

1,JCIL-n} JePy(l) oeB(Cl,CI) 7
SR Sertd

X (00) (00" (0 (A104)

The summand is independent of the summation variables
1,J,7,0,7', so that we just have to count the number of
values they take. As is well known, the number of subsets of
cardinalityq in a set of cardinalityn is given by the binomial
coefficient §)=n!/q!(n—q)!, and the numbe}3(X,Y)| of
bijections of a seX on a setY is |X|! if |[X|=]|Y| (and O
else. The numbelP,(X)| of partitions of a se by two-

where the second expression is defined for all required vaglement subsets is k2!/2k! when|X| =2k. This last num-
uesD=1, n=0, 0<k=n/2, while the more explicit first one Per is easily obtained by first considering the set of decom-

is ambiguoug/x) for D=2, n=0, k=0.

positions of X into orderedk-uples of ordered pairs. The

This result can be expressed with factorials, directly in the'Umber of suctk-uples is the same (3! as the number of
case ofD even and by use of the duplication formula of the Permutations ofX, and when the ordering®f the k-uples

I" function in the case ob odd:

K!(n—k+D/2-2)!

fok= (D s D= 2)1

(D even
(A100)

k! (n+D/2—3/2)! (2n—2k+D—3)!
nl(n—k+D/2—3/2)!(2n+D—3)!

(A101)

fop=(—1)k272
X (D odd).

For the spatial dimensiob =3, the expressiofAll) of f,,
is recovered.

Calculation of the particular matrix elements
from the expression of the projector

By using the explicit expressiofA10) of the projector, it

is of course possible to compute any matrix element needed.
As a simple example, we present here the calculation of the

particular matrix element6A3).
We may do all the calculations for a particle at rgst

=(1,0)], and write the final result covariantly in term of the

four-vectorsv,v;,v¢. Then we have

M1, .yHn Yi...,0n
vp Uy H#l"'ﬂn;”l"'vnvi v,

= 2

i i j j
' 2> . vfl...van . Cpltpin
i1, in.d1.in

isinidgsini i
(A102)

The calculation of this from EqA10) simply amounts to the
substitutions

5irir’_>(6f)21 6 _)(Jf'ﬁi)l

=2
i) i) i, — (01

(A103)

and we have

and of the pairsare disregarded, there arék® k-uples giv-

ing each partition by two-element subsets. Therefore the
numbers of values taken by the summation variables in Eq.
(A104) are

n!
m for | and for J,
(2k)!
—o— for J and for J',
2%k!
(n—2k)! for o;
and from Eq.(A104) we have
> _ Uifl"'vif"Hil ..... TP jnvi“-"vf“

i1, in e,

n! 2((2k)1\?
= o f”*((Zk)!(n—Zk)!) ( 2%k )

X (n—=2K) ! (T4) 2K (T o))" 2M(5;) %"

(n!)?
= 2k = 2k
=t (k1)2(n—2K)! fok(U1)

S s n—2k, -\ 2K
X (vg-07)" (o))

(A105)

With (v4)2,(0¢-0;),(0;)% written in covariant form using Eq.
(A41), we recover Eq(A5) with C,,  given by
C ()2 n! (n+D/2—2)1
nk= (1) (kD)2(n—2k)! k
(A106)

for an arbitrary spatial dimensioD. A compact expression
like Eq. (A3) is obtained from Eqs(A5) and (A106) by
introducing the Gegenbauer polynomiaﬂﬁ, which can be
defined by the generating functions
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1
\ n_
ngo ChOO= T o 1o (A107)
and have the following expressions:
n—k\/n—k+x—-1 N
CQ(X):EK (_1)k( k ) n—k )(zx)n Zk:
(A1098)
K+N—1\/n+2\—1
N _ _ k n—2k
Cho0=2 ( 1)( K )( ook X
X (1—x2)k, (A109)

Indeed, Eq(A106) becomes

n k n—k
(A106)

C = 1)k22k(n+D/2—2)1(n—k>(n—k+D/2—2)
nk—\{ ™ )

and using Eq(A108) we have

Xn—ZkZi
n,k 2n

n+D/2—2

-1
0 ) cr*(x),

(A110)

0<k=n/2

obtaining

1 (n+D/2—2

-1 5 o
R R . va
e R I ]

|05l

(A112)
WhenD =3, expressionA3) is recovered from EqA111)
usingC¥4x) =P,(x) and (" ¥?=2-2"(2n)!/(n!)?. Using
in Eq. (A111) the expressiorfA109) of Ch(x), one obtains
the expressiortA6) with C/, , given by

Cox=(= Dk? n k n—2k
(A112
Notice that the expression (A106is ambiguous foD

1 (n+D/2—2)‘1(k+D/2—2)(n+D—3>

=2,n=1 [while Eq.(A106) is defined for all required val-
uesD=1, n=0, 0<k=n/2], and the ambiguity propagates

to Egs.(A111) and(A112). If we want the cas® =2 to be

PHYSICAL REVIEW D67, 114009 (2003

Xn_2k(1—X2)k.

(A115)

—Kk\[n+
e T

Rewriting Eq.(A106) as

«[2n+D—3|7*n+D/2-3/2
Cn,k:(_l) n K

(2n—2k+D—3)

ok (A106'")

from Eq.(A114) we see that

2 _ U'fl...v'anil ..... g jnU:l”'U:n
i1 insd1seoin
2n+D—-3) 7! o0,
_on -~ 1n|» [np(D—3)/2(D-3)/2) i
- ( n ) oil"lil"Py (wfnzm)

(A111)
and using Eq(A115) we obtain

2n+D-3\ Y n—k\/n+D/2-3/2
n k n—k
(A112)

The expressiorfA106’) is ambiguous only foD=1, n=1,
and so are EqgA111’) and(A112').

Finally, let us consider the cage=1. It is in fact trivial.
All n-rank tensor spacesn&0) are of dimension 1. All
n-rank tensors are symmetric. The subspace-tdnk sym-
metric traceless tensors is the whole space wire® or 1,
and is thezero subspacethenn=2. Therefore, the projector
on this subspace is the identity operator winen0 or 1 (as
for any dimensiorD), and is, whem=2, thezero operator

To see how this particular case is obtained with our re-
sults, we may apply EqA111), which is well defined for
D=1. First, due tajs- v;=|v¢||vi|sgn@;-v}), Eq. (A11l) be-
comes

é,k:(—l)kzn_%(

i i J J
i, |n§,J:1 ,,,,, Jnvflnvan'l ---- insigs Ull"vln
1(n-3/2\"t _ L.
=§( N C, A1) (¢ 5)" (A116)

included in our formulas, we may use, instead of the Gegen(Where the sum has only one tetrhlext, C, ¥%(1) is given
bauer polynomials, the Jacobi polynomials simply related tdy EQ. (A109):

them by
(2\), 1on—
Ay — (A—=1/2\—1/2)
Ch(X) T2, P (X), (A113
which have the following expressions:
n+a\l2n—2k+2«a
(a,@) _»~5-n _ 1k n—2k
PRe(0=27"2 (=1 R P
(A114)

Cnllz(l):(n;2> :(—1)”( i) = 6n,0_ 5n,1'

(A117)
Then we have
1/n-3/2\71 B 1/n-3/2\71 B
2" “7 2" n =-1
n=0 n=
(A118)
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so that Eq(A116) becomes Bi=P; 4, Bi=P é.
(B1)
2 Ulfl"'Ulanil ..... g v:l”'v:” _ _
P15 inadasein " " We realize that this case does not present the symmetry of
I the simple choice of Secs. Il and IV, since both currents,
=0, 0+ (05U . . o . )
Onot (U1 01) O, (A119) projected in they; direction, appear in a nonsymmetric way
and, as expected, this vanishes o 2. relative to the initial and final states, which have four-
velocitiesv; andv¢. This aspect, plus thB* polarization,
APPENDIX B: MANIFESTLY COVARIANT DERIVATION complicates the+caICliIat|0n in f cons@erable way, since then
OF BJORKEN AND URALTSEV SUM RULES all states 2,,, 13,, 07),, and 1, contribute. We give now

the covariant version of the Uraltsev calculation.

In this appendix we give a manifestly covariant derivation  After a good deal of algebra, the RHS of the general SR
of the Bjorken and Uraltsev SRs using the states and curren{$8) becomes for the choic@1),
considered by Uraltsep6]. He considers the fourth compo-
nent of the vector current, and initial and fin&F states, R(W; ,Ws ,Wig)=E(Wir){(&i- £1) (Wi +Wg) = (g;-v¢) (8¢ 0")
allowing for spin flip transitions, i.e., with our notation, he
takes I';=T,=1+° the Oinitial and final states B, —(er-v)(ei-v)—(2wi+1)[(&i-&f)
=B*M)(1,0), Bi=B**)(v?,v(), and performs an expan- B
sion for small velocities. In the covariant language adopted X(wit+1) = (gj-ve)(es-vi)]} (B2

here, the case he considers is . L . . . .
while the contribution of the different intermediate states is

I'y1=T=4d;, given by

L(04,2)=0, (B3)
L(1yp)={—(wi+D[(&;-e0) (Wit +W;)— (g5-v)(gi-ve)+ (g-vi)(gi-v") ]+ (gi-v)[(g5-v)(2Wi— Wi+ 1)+ (g5-v")
X(wig = DI €M (w) €M (wy), (B4)
RE 1
L(23) = E(Wif_WfWi)(WiJfl)[(Si'Sf)Wif_(sf'Ui)(Si'Uf)+(8i'Sf)WiJF(Sf'Ui)(Si'U')]_E(Wif_WfWi)(Si'U')
1
X[(es-vi)Wit(g5-vi)Wi—(g¢-v') ]+ g(_z_zwi_2Wf_3Wif+4Win)(8i'U,)[(Sf'vi)(l_wf)
1 1
“‘(Sf'U/)Wif]_5[(8i'Uf)(Wi+1)—(8i‘U')Wif](&‘f'v')_EWi[(Si'Uf)(Wi+1)—(8i'U')Wif][(sf'vi)(l—Wf)
1
+(es-v)wir ]+ EWf(Si'U,)(Sf'vl)"_wi[(si'vf)(Wi+1)_(€i‘UI)(Ui'Uf)](sf'vi)_Win(Si'U/)

x<sf-vi>]3§ Ta(W;) TH(Wy), (B5)

1 1 1 1
L(13)=1— —(1+Wi)(1+Wf)ZTrWiéiYUWYs]ZTrWiéf%rﬁf75]+ 6(1+Wi)

6

1 1 1 1 1
X(1+Wf)ZTr[l/)iéiWYU%]ZTrWiéfﬁ'%ﬂ’s]_ 5(1+Wi)ZTrWiéiﬁlféWs]ZTr[l/)iéfl/J'l/JfJ’s]

XBE TI(W;) TS(Wy), (B6)

L(or,2>=<si~v')[(sf-vi><1—wf)+<sf-v'>(vi~vf>]4; (W) T (Wy), (B7)
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. 1 o o1 1 roo 1L , (M) ) £
L(1yp)= —ZTrWiéiﬁ Y 75]ZTrWiéf¢f%75]+ ZTrWiéié Y 75]ZTr[f/)iéf¢ Yo Vsl 4; T1(Wi) Typ(We),  (B8)
1 1 o 1 o ,
L(23/2)=§ (Wif_Win)(Wi+1)ZTr[éiéiw 7”75]ZTr[léiéfﬁfyaﬁ’s]—(Wif_Win)ZTf[l/)iéiﬁ ngs]szWiéf?ﬁ Yo Vsl

+w, 4Trw 46 d1ys] 7 Trw £ rys]| 32 oGp(w)ap(wy),

1 1
L(13p)= _g(Wi_1)(Wf—1)(Wi+1)[(8i'8f)(Wif+Wi)+(8f'Ui)(8i'v')—(8f'vi)(8i'Uf)]+E(Wi—l)(Wf—l)
1

X(gi-v)[2(es-vi)Wi—(es-v') ]+ g(1_9Wif+4Win+2Wi+2Wf)(8i'U')[(Sf'Ui)(l_Wf)JF(Sf'U')Wif]

1 1
+E(Wf—1)(8i'U')[2Wi(8f'vi)_(8f'v')]+ E(Wi—1)[(8i'Uf)(Wi+1)—(8i'U')Wif]
X[(er v Wit (erv) (1=wp) 1132 oGp(wy) aGip(wy).

From
—Tr[abédys] ic,,,a"bcd?, (B9)

one can express the contributiongly,,), L(1;,), andL(25,) in terms of scalar products. Indeed, the product of two tensors

€ uupo €Vennoncontracteccan be expressed in terms of the tenggy:

Suvp(rsﬂ’v’p’a" de(gaa’) (a:,U«JhPaO', a”:M’aV',P’aU’)a (B]-O)

g#lu,‘gﬂvprrsﬂ’v’p’(r' de(gaa’) (a:VaPaO', ar:Vl’pr,o_l). (Bll)

From these relations one obtains, for the traces involved(iry,,), L(1,,), andL(23,),

1 1

ZTrWiéil/)'V?’s]ZTrWiéfl/)f%)’s]: —(gi-vp)(es-v")TWilei-ve)(es-vi) — (Wit Wi — W) (& - £4), (B12
1 1 ,
ZTrWiéiWYU%]ZTrWiéfW%r?’s]: —(gi-v)(es-v")+wi(ei-v")(er-v) — (W —1)(gi-£9), (B13)

1 1
ZTf[éiéiWﬁn’s]ZTr[ﬁiéleffst]:(Wizf_1)(8i'U’)(Sf'v')—(Wifo_Wi)(Si'v’)(Sf‘Ui)

= (WitW; =Wy)(&i-vg)(eg-v') +(Wis —=W;Wy) (- vg) (g5 05)
+(2WifWin_Wi2f_Wi2_Wf2+1)(8i'8f). (814)
From the latter expressiori812)—(B14) and from(B2)—(B8) one gets finally for Eq(38)

{=(wi+ D) (Wit +wi)(gi-e¢) +(Wi+1)(gi-ve)(&5-vi) +(Wi—We)(gi-v")(g5-vi) +(Wis—1)(&-v")(gs-v")}
X 2 EM (W) £ (W) { = (Wi 1) (AWewWig + 2wew? — W — W — 2w w; — 3w+ 1) (- 8)
+ (Wi + 1) (Awyws— 3wt + W) (gi-ve) (g vi) — (Wi + 1) (Wit 1) (&-ve) (g0 ") + [ (3Wis — 2WWi + Wi ) (We— W)

—(Wi+1)%](e;-v") (- v;) + (2wiwy— 3w —w; — Wy — 1) (Wi — 1)(8i'v')(8f'v')}§n: (W) 75 (Wy)
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+A{(WiW;— WP — Wi+ 1) (i 81) —Wi(gi-ve) (81-v) + (g vg) (e 0" ) + (L+W— W) (gi-0" ) (g5 v))
+(Wi—1)(gi-v") (50" )1, TW) TBWE) +{(W; + 2wiwg — BwAw, — W3 — 2w WP — 2w + 2wwi + 2wAw,

(Wi )ei-v')(egv )} ~ Tl/Z(WI)T]_/Z(Wf) {(WI Wi Wi WieW; —W; Wi Wi Wit WWif Wi Wit

+AWWAWi ¢ — 3WiW5 ) (& &) + (— L+ Wi+ WE— AWw? + 3wiwie) (e¢-v;) (& vf) + 3(WWe —Wig) (g v) (1 0")

+ (W — WZ— W+ 3w Wi — 2WAw; + W2+ 2Wew? — 3w+ 3wiwis — 3wiwig) (g4-vi) (i v")
(Wi — 1) (= 1+ Wi+ Wi+ 2Wiwe—3wig) (g;- v ) (g 0)} D oW o (wq) +- -
if i f iV if i f - 3/2 i 3/2 f

=EWi){[(Wi+wp) — (2w + 1) (Wis+ 1) [(gi-e¢) + (2w + 1) (gi-ve)(g5-vi) —(gi-ve)(gs-v") —(gi-v") (g5 v}

(B15)
|
This expression is considerably more complicated than Eq. XP(v;,vs,0")=0. (B19)
(48), which readily gives the Uraltsev SR. We can choose the
particular polarizations From these 16 identities one obtains nine scalar identities
saturating all the pairs; vy, VipUts, VU4, Viplte, €L,
(1) _ U~ WitUj (1) Ui —WitU¢ ,
eW= , ) Vi i X (vj,v5,0")=0,
i lef 1 f ngf 1 ipYi ( ivUf )
(B20)
L2 WiV g U T Wb lus three ofh lar identities. identically vanishi
i \/m v &y W1 plus three other scalar identities, identically vanishing,
(B16) & uwpol | Vi XP(vj,v,0") =0,
that Satisfysizz_l,Si'UiZO,SfZZ_l,Sf'Uf:O. .
We can consider the following different cases: : (B21)

However, among these equations, only four are independent,

=@ =g ! >y
(1) ei=ei™, er=er, corresponding to the two nonvanishing products

(2) s=s, er=e", vip(9PE—vlvl) =vf w0,
(3) si=s{", er=g{?, v (g7 —vfvf)=v' —wppl, (B22)
(4) &=8?, e=e?. (B17)  Which must be combined with the other two four-vectors:
These four different cases exhaust the number of indepen- vip(@P = vfuf) =vf —wirvf,
dent SRs in the case under consideration, characterized by
Eq. (B1). v, (g7 —vfvf)=v ' —wf. (B23)
That there are only four independent SRs can be seen by
the following argument. If, in the general S®15), we Let us now write this SRB15) for the different cases. We

make the replacementthe sum over denotes the sum over need the following scalar products:
the different polarizations

(1) r_

- y 8. -v ="——-—
sf'— 2 e[ P =g —vfuf, Wwi-1" wis—1
a

2_
LS e oy 6@ .yp=— DWW ) wi—1
= v .. 2 ’ 2 ’
Bt B e g vy wi—1 yw2—1
(B18)
2
wit—1 Wit Wt — W

we obtain a set of tensorial identities, which depend only on st

f VT T T, 8 U T T T e,
v, vg, ando’: vwiz—1 Vwiz—1
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Wit Wi — Wi wi—1 Wit (Wi Ws— W;)
e vi=— ——, ePu'=———, o). g2 Wi Z W)
Wf_l Wf_l Wf_l Wif_l
2 2
Wi W;We— Wi —ws+1
s{?-s(?)= Iffzf NI 2 fl (B24)
1), (D _ Wi (Wi —1) i e
giet WZ—1Jw2—-1' Since Eq.(B15) is linear ine; and ing¢, in deducing the
if if . . .
equation for the different cases we can multiply Eg{L5) by
the denominators defining the polarizations in E2{L6). We
thus obtain from Eq(B15) four different equations for the
@ . Wir(Wisw; —wp) different casesB17). _
g ey’ = , If, in particular, we makev;=w;=w, we obtain the fol-
i f 2 2 ! ” - ¢
wi—1ywi—1 lowing equations, for the different cases considered:

1) e=eW, g=£lb:

—(Wif—1)(1+W—W2—Wif+2wwif+3wzwif+wwi2f); [EM(W) ]2+ (Wi — 1) (W—2W?— 4w + 2w+ 2w, + Wwi
—4W2Wif—6W4Wif+2Wi2f+3wwi2f+6W2Wi2f—4w3wi2f+3wwi3f); [75H(W) 12— 4(wis — 1) (W—wW2— wis + 3wPw;; — w3
—Wwﬁ); [7H(W) 12+ (Wi — 1) (1= W— 2W2+ 2w+ Wi + 3wwi — 4wswi; — BWHw;; — 32 + wws
+10W2W3 + AwswZ — 3w — 3ww3)2 [oy(W) 12+ = — (Wi — 1) (Wis + 1) (1 +wi + 2wwis) E(Wi); (B25)

2 e=e?, g=elb:

—w(w+ 1)(Wif—1)(w+wif)§n: [EMW) ]2+ (W 1) (Wi — 1) (1— 2w2— 2w+ wis + Wwis + 2w2wis — 4wswi; + 3ww?)
X 2, [75p(w) P+ 4w = 1) (W 1) (Wi = (1w wie) 2 [785w) ]2+ (W= 1) (w+ 1) (wig — 1) (2w? - 2w
= 3w+ 2wwig + 4w —3w) X [oGp(w) 174+ = = (Wo 1) (wie + 1) (Wi — 1) (20— D E(Wip); (B26)

3 e=eW, g=£l¥:

—W(w+ 1)(Wif—l)(w+wif)§n: [EM(W) ]2+ (W+ 1) (Wi — 1) (1— 2w — 2W*+ wi + Wi + 2W2wi; — Aw3w; + 3ww? )
X 2 [ip(w) 12 4(w= 1) (W 1) (Wig = D)(L=w-+ wie) 2 [7{5(w) ]+ (W= 1) (i = 1) (= w?+ 3w — 2w

— 3w — WWig + OWAWi g + Wi — 3wE — 3wwZ) X [aS(W) 12+ = — (W+ 1) (g + 1) (Wi — 1) (2w— 1) &(Wif);
(B27)
(4) sizsi(z), 8f=8§2):
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(WH+1)2(— 1+ w+wW2—wwig) Dy [EM(W) ]2+ (W 1)2(—wW—2W2+ 4W3+ 2w+ 2w — 2w — 2W2w;¢ -+ Aw3wq
n

+3ww2>2 [759(W) 12+ 4(w— 1>2<w+1)<w+w.f>2 [ (W) 12+ (w—1)2(w+ 1) (1— 2w?+ 2w3 — 2ww¢

o Awwie = 3w 2 [ogp(w) [+ = (W 1) (=

1+ 3w—wj;

—3WWjs + 2W2W;¢ ) E(Wi ). (B29)

Let us now consider the SRs that can be obtained withouFrom Eqs.(B26), (B27) one gets the two sum rules

deriving the functioné(w;;).
(1) gi=eM, g;=¢!V. Dividing by (w;;—
the limit w;s— 1, one gets

1) and taking

—2(w+1)2Y) [€M(w)]?—4(w—1)(w+1)3

XE [ré?;<w>]2—8<w—1>(w+1>§ [7{h(w)]?

—4(w?- 1)22 [ogn(w)]2+- = —4(w+1).

(B29

2 gi=e?, g;=eY and(3) £;=¢, g;=¢{?. Divid-
ing by (w;; —1) and taking the limitwv;;— 1, one obtains

—w(w+1)2> [éM(w)]2—2(w—1)(w+1)*
X > [7(w) 1= 4(w—1)(w+1)(w—2)

X [TBw) 2+ 2(w?—1)%(3—w)

x; [o9h(w) ]2+

=—2(w+1)(2w—1). (B30)

(4) g;=¢?, g;=¢{?. Taking the limitw;;— 1, one gets

(w—21)(w+1)3>) [€M(w)]2+2(w+ 1) (w—1)2

XE [7a(w) 12+ 4(w—1)%(w+ 1)22 [AR(w) ]

=2(w+1)2(w—1).

+2(w2— 1)32 [od(w) ]+

(B31)

+1
WTE [§<“>(w>]2+(w—1>[2§ [riB(w)]?

+(W+1)2D [7HwW) ]2} + (w+1)(w—1)2

XE [o§h(w) ]2+ =1, (B32)

+1
w3 TEMw) P+ (=1 (e DS [ 2

+2(w—2) 2 [7R(w)]2f = (w+1)(w—1)2

X (3—w), [oh(W)]2+-+-=2w—1. (B33

The first SR is the Bjorken SI53).
Eliminating[ (w+1)/2]= | é™(w)|? between these equa-
tions, one obtains

(w+1) 22 |7'3/2 _4; |7'(1r/2(W)|2

—3(W2=1)> [oh(w)]?+---=1. (B34

Equation(B34) is another generalization of the Uraltsev SR
forw#1; indeed, it reduces to E¢57) for w= 1. Notice that

the states ~ contribute at orderw—1) to Eq.(B34), while

they do not contribute at all to the generalization of Sec. V of
the Uraltsev SR foww+ 1 [Eq. (67)]. There is no contradic-
tion: these are two different generalizations, and the differ-
ence can be traced back to the fact that the former is obtained
from the currentq#;,4;} while the latter is obtained from
symmetric currentd?;ys,b;ys} relative to the initial and
final four-velocities.
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