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Sum rules in the heavy quark limit of QCD

A. Le Yaouanc,* L. Oliver,† and J.-C. Raynal
Laboratoire de Physique The´orique, Universite´ de Paris XI, Baˆtiment 210, 91405 Orsay Cedex, France

~Received 30 October 2002; published 5 June 2003!

In the leading order of the heavy quark expansion, we propose a method within the operator product
expansion and the trace formalism that allows us to obtain, in a systematic way, Bjorken-like sum rules for the
derivatives of the elastic Isgur-Wise~IW! function j(w) in terms of corresponding Isgur-Wise functions of
transitions to excited states. A key element is the consideration of the nonforward amplitude, as introduced by
Uraltsev. A simplifying feature of our method is to consider currents aligned along the initial and final
four-velocities. As an illustration, we give a very simple derivation of Bjorken and Uraltsev sum rules. On the
other hand, we obtain a new class of sum rules that involve the products of IW functions at zero recoil and IW
functions at anyw. Special care is given to the needed derivation of the projector on the polarization tensors of
particles of arbitrary integer spin. The new sum rules give further information on the sloper252j8(1) and
also on the curvatures25j9(1) and imply, modulo a very natural assumption, the inequalitys2>(5/4)r2, and
therefore the absolute bounds2>15/16.

DOI: 10.1103/PhysRevD.67.114009 PACS number~s!: 12.38.Lg, 11.55.Hx
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I. INTRODUCTION

Since the formulation of the Bjorken sum rule@1#, other
sum rules~SRs! have been derived involving leading an
subleading quantities in heavy quark expansion@2–6#. The
recent Uraltsev SR@6,7# at leading order came as a big su
prise, leading to a rigorous lower bound for the elastic Isg
Wise ~IW! function1 r2>3/4. As with earlier SRs, one get
the impression that these results come out like fishing i
lake, swarming with sum rules, the success of the catch
pending on the genius or skill of the particular autho
Hence we need to have a systematic way of formulat
these SRs. This is the subject of the present paper, altho
only in the particular case of IW functions in the heavy qua
limit of QCD. The method can be easily applied to sublea
ing form factors@8#.

In the derivation of the sum rules we will make use of t
operator product expansion~OPE! @9# in heavy quark transi-
tions @2,5,6,10#, in a manifestly covariant approach.

To be completely general, let us consider the direct gra

Bi~v i !→
G1

D ~n!~v8!→
G2

Bf~v f !,

whereBi andBf are ground stateB or B* mesons andD (n)

are all possible ground state or excitedD mesons coupled to
Bi and Bf through the currentsh̄c(v8)G1hb(v i) and
h̄b(v f)G2hc(v8). The Dirac matricesG i ( i 51,2) are arbi-
trary and can be chosen to derive relations involving defin
current matrix elements.

*Email address: leyaouan@th.u-psud.fr
†Email address: oliver@th.u-psud.fr
1This bound was obtained in a class of relativistic quark mod

@11,12# that were afterwards shown to satisfy the Uraltsev sum r
@13#.
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Let us summarize the general argument. We consider
arbitrary currents:

J1~x!5 c̄~x!G1b~x!, J2~y!5b̄~y!G2c~y! ~1!

and theirT product:

Tf i~q!5 i E d4x e2 iq•x^Bf uT@J2~x!J1~0!#uBi&. ~2!

As explained in detail, for example, in Ref.@5#, on insert-
ing in this expression intermediate states,x,0 receives con-
tributions from the direct channel with a single heavy qua
c, while x.0 receives contributions from intermediate sta
with bc̄b quarks, theZ diagrams. The energy denominato
are MB2q02EXc

for the direct graphs andMB1q02(EX
c8

12MB) for the Z diagrams. Taking the typical virtuality o
the direct channelsV5MB2q02EXc

such thatLQCD!V

!MB , one sees that the direct channels contribute at
order 1/V and theZ diagrams at the order 1/(2V22MD). In
both cases the absolute value of the denominator is@LQCD.
This allows one to approximate Eq.~2! with the leading con-
tribution to the OPE@10#:

Tf i~q!5 i E d4x e2 iq•x^Bf ub̄~x!G2Sc~x,0!G1b~0!uB1&

1O~1/mc
2!, ~3!

whereSc(x,0) is the free charm quark propagator ifO(as)
corrections are neglected. Thec quark propagator has two
terms, a positive energy denominator;V and a negative
energy denominator;(2V22mc). Varying V indepen-
dently of mc one can equate the direct channel contribut
to Eq. ~2! to that of the positive energy pole of thec quark
propagator in Eq.~3!, the so-called OPE side, giving th
following result that involves only the direct channel:
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1

2v80A4v i
0v f

0 H (
D5P,V

(
n

Tr@B̄f~v f !Ḡ2D~n!~v8!#Tr@D̄~n!~v8!G1B1~v i !#j
~n!~wi !j

~n!* ~wf !

1contribution from other excited states1O~1/mQ!J
52

1

A4v i
0v f

0
j~wi f !TrF B̄f~v f !G2

v” c811

2vc8
0 G1B1~v i !G1O~1/mQ!. ~4!
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In this equation, (v” c811)/2vc8
0 is the positive energy residu

of thec quark propagator and the left-hand side~LHS! is the
sum over all possible ground state or excitedD mesons. We
have adopted the trace formalism for the current matrix e
ments@4,14# and made explicit in Eq.~4! the sum over pseu
doscalar and vectorD (D* ) mesons and their radial quantu
numbers. In relation~4!,

wi5v i•v8, wf5v f•v8, wi f 5v i•v f . ~5!

In the LHS there are also leading order contributions of
cited states and subleading terms coming from the gro
state or from transitions between the ground state and exc
states, denoted byO(1/mQ), wheremQ can bemc or mb .

One main point we want to emphasize is that in the O
side the ground state IW functionj(wi f ) appears since, fol-
lowing Uraltsev@6#, we assume in generalv iÞv f and take
Bi and Bf to be ground stateB mesons. Of course, forwi f
51 one getsj(1)51, wi5wf5w, and the general formula
~4! takes the more familiar form@5#

1

4v0v80 H (
D5P,V

(
n

Tr@B̄f~v !Ḡ2D~n!~v8!#

3Tr@D̄~n!~v8!G1Bi~v !#uj~n!~w!u2

1contribution from other excited states1O~1/mQ!J
52

1

2v0 TrF B̄f~v !G2

v” c811

2vc8
0 G1B1~v !G1O~1/mQ

2 !. ~6!

But let us keep to the general casev iÞv f . By choosing in
a convenient way the initial and final mesonsBi andBf and
the Dirac matricesG1 and G2 , one can derive sum rules a
the leading order~the Bjorken SR@1# and the Uraltsev SR
@6#! and also SRs involving subleading Isgur-Wise functio
as we obtained in Ref.@5#. To illustrate the method, we wil
limit ourselves in this paper to the heavy quark limit.

In the heavy quark limit, since we can make the fo
velocity of the intermediate quark equal to the intermedi
hadron velocity,vc85v8, relation ~4! is written, multiplying
by 2v08A4v i

0v f
0,

L~wi f ,wi ,wf !5R~wi f ,wi ,wf !, ~7!
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whereL(wi f ,wi ,wf) stands for the LHS@the sum over in-
termediate statesD(n)(v8)] andR(wi f ,wi ,wf) stands for the
RHS @the OPE side, proportional toj(wi f )].

The variableswi f , wi , andwf are independent within a
certain domain. Indeed, without loss of generality one c
take

v i5~1,0,0,0!, v f5~A11a2,0,0,a!,

v85~A11b21c2,0,b,c!, ~8!

giving

wi f 5A11a2, wi5A11b21c2,

wf5A11b21c2A11a22ac. ~9!

One has three independent parametersa, b, andc or equiva-
lently wi , wf , andwi f that lie within a limited domain. The
domain of (wi f ,wi ,wf) is

wi f >1, 2wi f wiwf2wi f
2 2wi

22wf
211>0, ~10!

which implies

wi>1, wf>1, ~11!

and is equivalent to

wi>1, wf>1,

wiwf2A~wi
221!~wf

221!

<wi f <wiwf1A~wi
221!~wf

221!. ~12!

There is a subdomain forwi5wf5w, namely,

w>1, 1<wi f <2w221. ~13!

Within this domain one can differentiate relative to any
these variables:

]p1q1rL

]wi f
p ]wi

q]wf
r 5

]p1q1rR

]wi f
p ]wi

q]wf
r , ~14!

and obtain different sum rules taking different limits to th
frontier of the domain, e.g.,

wi f →1, wi5wf5w,
9-2
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or wi→1, wi f 5wf5w,

or wf→1, wi f 5wi5w. ~15!

A last general remark. In the SRs we will consider t
sum over discrete intermediate ground state or excitedD
mesons. However, our results have a wider generality
they can include a possible continuum. Such a continu
would be only a slight technical complication, as it can a
be expanded intoj P states, and the sum over discrete sta
would become an integral, without any conceptual chang
the final results.

The paper is organized as follows. In Sec. II we wr
down the general form of the SRs in the heavy quark lim
for a general pair of currentsh̄v8

(c)G1hv i

(b) , h̄v f

(b)G2hv8
(c) , making

explicit the intermediate states12
2, 1

2
1, 3

2
1, and 3

2
2 as well,

in order to have control on high powers of the recoil (w
21). In Sec. III we derive the sum rules~in particular the
Bjorken and Uraltsev SRs! for the axial currents$G1 ,G2%
5$v” ig5 ,v” fg5%, and in Sec. IV similarly for the vector cur
rents$G1 ,G2%5$v” i ,v” f%. In Sec. V we underline a new clas
of sum rules with implications, in particular, for the slop
and curvature ofj(w). Moreover, we demonstrate tha
higher excited states give a vanishing contribution to th
SRs. In Sec. VI we write down a lower bound on the curv
ture ofj(w) and in Sec. VII we point out some phenomen
logical remarks in connection with the Bakamjian-Thom
class of relativistic quark models. In Sec. VIII we conclud
In Appendix A we construct the general formula for the pr
jector on the polarization tensors of particles of arbitra
spin. With it, we deduce a formula that is needed in
calculation of the contributions to the sum rules of high
excited states. Using this general result, we have rece
obtained rigorous bounds on all derivatives of the IW fun
tion j(w) @15#. For the curvatures25j9(1) we find in the
present paper the same bound using a different method
making a sensible phenomenological hypothesis. Finally
Appendix B we give a derivation of Bjorken and Uraltse
SRs with the currents$G1 ,G2%5$v” i ,v” i% and initial and final
statesB* (l i )(v i), B* (l f )(v f), a manifestly covariant version
of those states and currents used by Uraltsev,$G1 ,G2%
5$g0,g0% in the rest frame of the initialB* (l i )(1,0). Of
course, this choice of the vector current would make simp
the calculation of radiative corrections to the sum rules th
in the case, say, of the axial current. But radiative correcti
are outside the scope of the present paper, which adopt
strict heavy quark limit.

II. GENERAL FORM OF THE SUM RULES IN THE
HEAVY QUARK LIMIT

The RHS is written, in the heavy quark limit, since th
vc85v8,

R~wi f ,wi ,wf !522j~wi f !Tr@B̄f~v f !G2P18 G1Bi~v i !#.
~16!

Let us decompose the LHS into contributions of the differ
intermediate states: as intermediate states, we will cons
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the 01/2
2 , 11/2

2 , and the orbitally excited states 23/2
1 , 13/2

1 ,
01/2

1 , 11/2
1 ~with the tower of their radial excitations!. More-

over, to have some control of the SRs near zero recoil, i
important to have an idea of the contributions of higher
bital excitations. To this purpose, we will take into accou
the 3

2
2 intermediate states, namely, the states 23/2

2 and 13/2
2 .

Let us now write down the 434 matrices of the lowerj P

states@4,14#. The matrices for the12
2 mesons read

01/2
2 : M~v !5P1~2g5!,

11/2
2 : M~v !5P1«v

mgm , ~17!

whereP1 is the projector

P15
11v”

2
. ~18!

The 434 matrices of the3
2

1 states are given by the four
vectors

23/2
1 : Mm~v !5P1«v

mngm ,

13/2
1 : Mm~v !52A3/2P1«v

ng5Fgn
m2

1

3
gn~gm2vm!G ,

~19!

and those of the12
1 states are given by@4#

01/2
1 : M~v !5P1 ,

11/2
1 : M~v !5P1«v

mg5gm . ~20!

Finally, those of the3
2

2 states will be obtained from Eq.~19!
by multiplying on the right by (2g5):

23/2
2 : Mm~v !5P1«v

mngn~2g5!,

13/2
2 : Mm~v !5A3/2P1«v

nFgn
m2

1

3
gn~gm1vm!G . ~21!

The corresponding matrix elements, for a current given
the Dirac matrixG, read@4#

^D ~n!~ 1
2

2!~v8!uh̄v8
~c!Ghv

~b!uB~ 1
2

2!~v !&

5j~n!~w!Tr@D̄~v8!GB~v !#, ~22!

^D ~n!~ 3
2

1!~v8!uh̄v8
~c!Ghv

~b!uB~ 1
2

2!~v !&

5)t3/2
~n!~w!Tr@vmD̄m~v8!GB~v !#, ~23!

^D ~n!~ 1
2

1!~v8!uh̄v8
~c!Ghv

~b!uB~ 1
2

2!~v !&

52t1/2
~n!~w!Tr@D̄~v8!GB~v !#, ~24!

^D ~n!~ 3
2

2!~v8!uh̄v8
~c!Ghv

~b!uB~ 1
2

2!~v !&

5)s3/2
~n!~w!Tr@vmD̄m~v8!GB~v !#, ~25!
9-3
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wherew5v•v8, n is a radial quantum number, and, in ana
ogy with t3/2(w), we have calleds3/2(w) the IW function
between the ground state and the3

2
2 states. As pointed out in

@4#, s3/2(w) need not vanish atw51, since the current ma
trix elements vanish in the heavy quark limit. The notati
j (n)(w), t1/2

(n)(w), andt3/2
(n)(w) is that of Isgur and Wise@1#.

In what follows, we set the different IW functions to b
real.

The contributions of the 01/2
2 , 11/2

2 states are written as

L~01/2
2 !5Tr@B̄f~v f !Ḡ2P18 ~2g5!#Tr@g5P18 G1Bi~v i !#

3(
n

j~n!~wi !j
~n!~wf !, ~26!

L~11/2
2 !5(

l
«8~l!m«8~l!* nTr@B̄f~v f !Ḡ2P18 gn#

3Tr@gmP18 G1Bi~v i !#(
n

j~n!~wi !j
~n!~wf !.

~27!

The contribution of the parity1excited states 23/2
1 , 13/2

1 ,
01/2

1 , 11/2
1 is given by the following expressions:

L~23/2
1 !5(

l
«8~l!mn«8~l!* rsTr@v f rB̄f Ḡ2P18 gs#

3Tr@v imgnP18 G1Bi #3(
n

t3/2
~n!~wi !t3/2

~n!~wf !, ~28!

L~13/2
1 !5(

l
«8~l!n«8~l!* s

3

2
TrH B̄f Ḡ2P18 g5

3Fv f s2
1

3
gs~v” f2wf !G J TrH Fv in2

1

3
~v” i2wi !gnG

3~2g5!P18 G1Bi J 3(
n

t3/2
~n!~wi !t3/2

~n!~wf !, ~29!

L~01/2
1 !5Tr@B̄f Ḡ2P18 #Tr@P18 G1Bi #4

3(
n

t1/2
~n!~wi !t1/2

~n!~wf !, ~30!

L~11/2
1 !5(

l
«8~l!m«8~l!* nTr@B̄f Ḡ2P18 g5gn#

3Tr@gm~2g5!P18 G1Bi #4(
n

t1/2
~n!~wi !t1/2

~n!~wf !,

~31!
11400
L~23/2
2 !5(

l
«8~l!mn«8~l!* rsTr@v f rB̄f Ḡ2P18 gs~2g5!#

3Tr@v img5gnP18 G1Bi #3(
n

s3/2
~n!~wi !s3/2

~n!~wf !,

~32!

L~13/2
2 !5(

l
«8~l!n«8~l!* s

3

2
TrH B̄f Ḡ2P18 Fv f s2

1

3
gs

3~v” f1wf !G J TrH Fv in2
1

3
~v” i1wi !gnGP18 G1Bi J

33(
n

s3/2
~n!~wi !s3/2

~n!~wf !. ~33!

It is convenient to introduce the tensors

Tmn5(
l

«8~l!m«8~l!* n, ~34!

Tmn,rs5(
l

«8~l!mn«8~l!* rs. ~35!

The polarizations of the vector and tensor intermedi
states of velocityv8 satisfy«8(l)

•v85«8(l)mnvn850. More-
over, the polarization tensor«8(l)mn is symmetric in~mn! and
traceless,«m8

(l)m50. One can show that these tensors can
written

Tmn52gmn1v8mv8n, ~36!

Tmn,rs5
1

6
$22grsgmn13@grmgsn1grngsm#

12@grsv8mv8n1v8rv8sgmn#

23@grmv8sv8n1gsnv8rv8m1grnv8sv8m

1gsmv8rv8n#14v8mv8nv8rv8s% ~37!

and have the following properties:Tmn is symmetric and
Tm

m523 while Tmn,rs is symmetric in the exchange
(mn↔rs), (m↔n), and (r↔s) and satisfiesT mn

mn, 5
15 ~the 1 sign comes from the fact that the polarization
a spin 2 particle can be seen as a symmetric combinatio
the polarizations of two spin 1 particles!. With these expres-
sions for the polarization tensors one can make more exp
the contributions of the intermediate states in the LHS of
SR ~4!. After some algebra one gets, from Eqs.~26!–~33!,
for arbitrary Dirac matricesG1 andG2 , the following SR:
9-4
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$†Tr@B̄f Ḡ2P18 ~2g5!#Tr@g5P18 G1Bi #‡1†2Tr@B̄f Ḡ2P18 gm#Tr@gmP18 G1Bi #1Tr@B̄f Ḡ2P18 #Tr@P18 G1Bi #‡%

3(
n

j~n!~wi !j
~n!~wf !1

1

2
$†3~wi f 2wfwi !Tr@B̄f Ḡ2P18 gs#Tr@gsP18 G1Bi #1~2222wi22wf23wi f 14wiwf !

3Tr@B̄f Ḡ2P18 #Tr@P18 G1Bi #13 Tr@B̄f Ḡ2P18 v” i #Tr@v” f P18 G1Bi #23wiTr@B̄f Ḡ2P18 #Tr@v” f P18 G1Bi #

23wfTr@B̄f Ḡ2P18 v” i #Tr@P18 G1Bi #‡1†2~11wi !~11wf !Tr@B̄f Ḡ2P18 g5gs#Tr@gs~2g5!P18 G1Bi #

1~129wi f 14wiwf22wi22wf !Tr@B̄f Ḡ2P18 g5#Tr@~2g5!P18 G1Bi #23~11wf !Tr@B̄f Ḡ2P18 g5v” i #

3Tr@~2g5!P18 G1Bi #23~11wi !Tr@B̄f Ḡ2P18 g5#Tr@v” f~2g5!P18 G1Bi #‡%(
n

t3/2
~n!~wi !t3/2

~n!~wf !

14$†Tr@B̄f Ḡ2P18 #Tr@P18 G1Bi #‡1†2Tr@B̄f Ḡ2P18 g5gs#Tr@gs~2g5!P18 G1Bi #1Tr@B̄f Ḡ2P18 g5#

3Tr@~2g5!P18 G1Bi #‡%(
n

t1/2
~n!~wi !t1/2

~n!~wf !1
1

2
$†3~wi f 2wfwi !Tr@B̄f Ḡ2P18 gs~2g5!#Tr@g5gsP18 G1Bi #

1~2212wi12wf23wi f 14wiwf !Tr@B̄f Ḡ2P18 ~2g5!#Tr@g5P18 G1Bi #13 Tr@B̄f Ḡ2P18 v” i~2g5!#Tr@g5v” f P18 G1Bi #

23wiTr@B̄f Ḡ2P18 ~2g5!#Tr@g5v” f P18 G1Bi #23wfTr@B̄f Ḡ2P18 v” i~2g5!#Tr@g5P18 G1Bi #‡1†2~wi21!~wf21!

3Tr@B̄f Ḡ2P18 gs#Tr@gsP18 G1Bi #1~129wi f 14wiwf12wi12wf !Tr@B̄f Ḡ2P18 #Tr@P18 G1Bi #13~wf21!

3Tr@B̄f Ḡ2P18 v” i #Tr@P18 G1Bi #13~wi21!Tr@B̄f Ḡ2P18 #Tr@v” f P18 G1Bi #‡%(
n

s3/2
~n!~wi !s3/2

~n!~wf !

1contribution from other excited states522j~wi f !Tr@B̄f~v f !Ḡ2P18 G1Bi~v i !#. ~38!
-
ll
ien

i
fo

tri
to

rs
-

di-
In the RHS the functionj(wi f ) must match the correspond
ing function ofwi f that one would get by summing over a
possible intermediate states. In this formula, the coeffic
of (nj (n)(wi)j

(n)(wf) is the contribution of the 01/2
2 ~first

bracket! and the 11/2
2 ~second bracket! states. Likewise, the

coefficient of (nt3/2
(n)(wi)t3/2

(n)(wf) is the contribution of the
23/2

1 ~first bracket! and the 13/2
1 ~second bracket! states. The

coefficient of (nt1/2
(n)(wi)t1/2

(n)(wf) is the contribution of the
01/2

1 ~first bracket! and the 11/2
1 ~second bracket! states. Fi-

nally, the coefficient of(ns3/2
(n)(wi)s3/2

(n)(wf) is the contribu-
tion of the 23/2

2 ~first bracket! and the 13/2
2 ~second bracket!

states.
What we calledL(wi f ,wi ,wf) andR(wi f ,wi ,wf) in Sec.

I are given now explicitly by Eq.~38!. We will now consider
the sum rules given by Eq.~14!. However, since we have
included only a limited number of intermediate states,
would be dangerous to draw conclusions from sum rules
p,q,r>2, because missing intermediate states could con
ute to the desired order. Therefore, we will limit ourselves
(p,q,r )5(0,0,0),(1,0,0),(0,1,0),(0,0,1). The consideration
of the states32

2 will give us some control over higher powe
of (w21). In the main text, we will limit ourselves to cur
rents that give functionsL(wi f ,wi ,wf) and R(wi f ,wi ,wf)
symmetric inwi ,wf . We are then limited to the following
11400
t

t
r

b-

relations from the different derivatives and boundary con
tions:

L~wi f ,wi ,wf !uwi f 51,wi5wf5w

5R~wi f ,wi ,wf !uwi f 51,wi5wf5w , ~39!

L~wi f ,wi ,wf !uwi51,wi f 5wf5w

5R~wi f ,wi ,wf !uwi51,wi f 5wf5w , ~40!

]L

]wi f
U

wi f 51,wi5wf5w

5
]R

]wi f
U

wi f 51,wi5wf5w

, ~41!

]L

]wi f
U

wi51,wi f 5wf5w

5
]R

]wi f
U

wi51,wi f 5wf5w

, ~42!

]L

]wi
U

wi51,wi f 5wf5w

5
]R

]wi
U

wi51,wi f 5wf5w

, ~43!

]L

]wi
U

wf51,wi5wi f 5w

5
]R

]wi
U

wf51,wi5wi f 5w

, ~44!
9-5
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]L

]wi
U

wi f 51,wi5wf5w

5
]R

]wi
U

wi f 51,wi5wf5w

. ~45!

In Appendix B, we consider a manifestly covariant ve
sion of the Uraltsev case, where the functionsL(wi f ,wi ,wf)
andR(wi f ,wi ,wf) are not symmetric inwi ,wf . In our con-
clusion we discuss the perspectives and outlook for th
nonsymmetric cases.

III. THE AXIAL CURRENT: A SIMPLE COVARIANT
DERIVATION OF BJORKEN AND URALTSEV SUM RULES

To illustrate the method, let us now particularize to t
simple case
11400
se

Bi5Pi 1~2g5!, Bf5Pf 1~2g5!,

G15v” ig5 , G25v” fg5 , ~46!

where the currents are projected along the initial and fi
velocities.

In this symmetric situation between currents and init
and final states, a number of intermediate states do not
tribute, and the calculation simplifies considerably. One h
namely,

L~01/2
2 !5L~13/2

1 !5L~11/2
1 !5L~23/2

2 !50, ~47!

and the SR~38! is written
is
~wiwf2wi f !(
n

j~n!~wi !j
~n!~wf !1@3~wiwf2wi f !

22~wi
221!~wf

221!#(
n

t3/2
~n!~wi !t3/2

~n!~wf !14~wi21!~wf21!

3(
n

t1/2
~n!~wi !t1/2

~n!~wf !12~wi21!~wf21!~wiwf2wi f !(
n

s3/2
~n!~wi !s3/2

~n!~wf !1contribution from other excited states

52~12wi2wf1wi f !j~wi f !. ~48!

The symmetry of Eq.~48! in (wi ,wf) follows from the symmetric choice~46! of currents and states.
We assume now that the higher state contributions are, at most, of the same order in (w21) as the3

2
2 states, that are

included in the calculation. This conjecture will be demonstrated in Sec. V. Equations~40!, ~42!, and~44! are trivial @giving
050 or j(w)5j(w)], while Eqs. ~39!, ~41!, ~43!, and ~45! give, respectively~the contribution of higher excited states
denoted by1¯!,

~w221!(
n

@j~n!~w!#212~w221!2(
n

@t3/2
~n!~w!#214~w21!2(

n
@t3/2

~n!~w!#212~w11!~w21!3(
n

@s3/2
~n!~w!#21¯

52~w21!, ~49!

2(
n

@j~n!~w!#226~w221!(
n

@t3/2
~n!~w!#222~w21!2(

n
@s3/2

~n!~w!#21¯52122r2~w21!, ~50!

2~w11!(
n

t3/2
~n!~1!t3/2

~n!~w!24(
n

t1/2
~n!~1!t1/2

~n!~w!1¯5j~w!, ~51!

w(
n

@j~n!~w!#21~w221!(
n

j~n!~w!j~n!8~w!12~w221!H 2w(
n

@t3/2
~n!~w!#21~w221!(

n
t3/2

~n!~w!t3/2
~n!8~w!J 14~w21!

3H(
n

@t1/2
~n!~w!#21~w21!(

n
t1/2

~n!~w!t1/2
~n!8~w!J 12~w21!2H ~2w11!(

n
@s3/2

~n!~w!#21~w221!(
n

s3/2
~n!~w!s3/2

~n!8~w!J
1¯51. ~52!
9-6
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Dividing Eq. ~49! by 2(w21) one gets the Bjorken SR
@1#:

w11

2 (
n

@j~n!~w!#21~w21!H 2(
n

@t1/2
~n!~w!#21~w11!2

3(
n

@t3/2
~n!~w!#2J 1~w11!~w21!2

3(
n

@s3/2
~n!~w!#21¯51, ~53!

where the3
2

2 states have been included explicitly.
Equation~50! gives, at order (w21),

122r2~w21!112(
n

@t3/2
~n!~1!#2~w21!5112r2~w21!,

~54!

implying

r253(
n

@t3/2
~n!~1!#2, ~55!

which, combined with the first order in (w21) of the
Bjorken SR~53!,

r25
1

4
1(

n
@t1/2

~n!~1!#212(
n

@t3/2
~n!~1!#2 ~56!
11400
gives the Uraltsev SR@6#

(
n

@t3/2
~n!~1!#22(

n
@t1/2

~n!~1!#25
1

4
. ~57!

Equation~51! yields also the Uraltsev SR forw51. No-
tice the important point that in this equation the contributi
of the IW functionss3/2

(n)(w) vanishes identically.
Finally, Eq. ~52! at O@(w21)# gives again the Bjorken

SR under the form~56!.

IV. THE CASE OF THE VECTOR CURRENT

Let us now consider the vector current, i.e.,

Bi5Pi 1~2g5!, Bf5Pf 1~2g5!,

G15v” i , G25v” f . ~58!

In this particular case, a number of different intermedia
states do not contribute, namely,

L~11/2
2 !5L~23/2

1 !5L~01/2
1 !5L~13/2

2 !50, ~59!

and the SR~38! is written
~wi11!~wf11!(
n

j~n!~wi !j
~n!~wf !12~wi11!~wf11!~wiwf2wi f !(

n
t3/2

~n!~wi !t3/2
~n!~wf !14~wiwf2wi f !

3(
n

t1/2
~n!~wi !t1/2

~n!~wf !1@3~wiwf2wi f !
22~wi

221!~wf
221!#(

n
s3/2

~n!~wi !s3/2
~n!~wf !

1contribution from other excited states5~wi f 111wf1wi !j~wi f !, ~60!

where the first, second, third, and fourth terms in the RHS come from the states 01/2
2 , 13/2

1 , 11/2
1 , and 23/2

2 , respectively.
Equation~40! is trivial @j(w)5j(w)#, while Eqs.~39!, ~41!–~45! give now, respectively,

~w11!2(
n

@j~n!~w!#212~w221!H ~w11!2(
n

@t3/2
~n!~w!#212(

n
@t1/2

~n!~w!#2J 12~w221!2(
n

@s3/2
~n!~w!#21¯52~w11!,

~61!

22~w11!2(
n

@t3/2
~n!~w!#224(

n
@t1/2

~n!~w!#226~w221!(
n

@s3/2
~n!~w!#21¯5122~w11!r2 ~62!

24~w11!(
n

t3/2
~n!~1!t3/2

~n!~w!24(
n

t1/2
~n!~1!t1/2

~n!~w!1¯5j~w!12~w11!j8~w!, ~63!

wj~w!12~w11!(
n

j~n!8~1!j~n!~w!14w~w11!(
n

t3/2
~n!~1!t3/2

~n!~w!14w(
n

t1/2
~n!~1!t1/2

~n!~w!

22~w221!(
n

s3/2
~n!~1!s3/2

~n!~w!1¯50, ~64!
9-7
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j~w!12~w11!j8~w!14~w11!(
n

t3/2
~n!~1!t3/2

~n!~w!14(
n

t1/2
~n!~1!t1/2

~n!~w!1¯50, ~65!

~w11!(
n

@j~n!~w!#21~w11!2(
n

j~n!~w!j~n!8~w!12~w11!2H ~2w21!(
n

@t3/2
~n!~w!#21~w221!(

n
t3/2

~n!~w!t3/2
~n!8~w!J

14H w(
n

@t1/2
~n!~w!#21~w221!(

n
t1/2

~n!~w!t1/2
~n!8~w!J

1~w221!H 4w(
n

@s3/2
~n!~w!#212~w221!(

n
s3/2

~n!~w!s3/2
~n!8~w!J 1¯51. ~66!
er

R

, f

i-

-

ten-
Notice an important point, namely, that in Eq.~63!, iden-
tical to Eq. ~65!, the contribution of the IW functions
s3/2

(n)(w) vanishes identically.
Dividing Eq. ~61! by 2(w11) one gets the Bjorken SR

for all w @Eq. ~53!#. Equations~62!–~66! imply, for w51, the
Bjorken SR~56! for the elastic sloper2.

V. A NEW CLASS OF SUM RULES AND THE
CONTRIBUTION OF HIGHER EXCITED STATES

Among the SRs that we obtained in Secs. III and IV, th
is a new class that involves the IW functionsj (n)(w),
t3/2

(n)(w), t1/2
(n)(w),... for anyw, and at zero recoilw51. The

relation that we got from the axial vector currents is

2~w11!(
n

t3/2
~n!~1!t3/2

~n!~w!24(
n

t1/2
~n!~1!t1/2

~n!~w!1¯

5j~w! ~67!

while we obtained, from the vector current,

24~w11!(
n

t3/2
~n!~1!t3/2

~n!~w!24(
n

t1/2
~n!~1!t1/2

~n!~w!1¯

5j~w!12~w11!j8~w!, ~68!

wj~w!12~w11!(
n

j~n!8~1!j~n!~w!14w~w11!

3(
n

t3/2
~n!~1!t3/2

~n!~w!14w(
n

t1/2
~n!~1!t1/2

~n!~w!

22~w221!(
n

s3/2
~n!~1!s3/2

~n!~w!1¯50. ~69!

The first equation~67! is a generalization of the Uraltsev S
for wÞ1, which reduces to Eq.~57! for w51, while the
other two~68! and ~69! give, takingw51, the Bjorken SR
~56! for the sloper2.

Let us concentrate on Eqs.~67! and ~68!. An important
feature of these relations is that the contribution from the3

2
2

states vanishes identically. This is not the case, however
relation ~69!.
11400
e

or

We will now give a proof that no other higher intermed
ate states contribute to the sum rules~67! and ~68!.

Following the work of Falk@16#, we write first the 434
matrices of the whole tower ofj P states, generalizing the
notation we have given above~17!–~21!, wherek5 j 2 1

2 , J
is the spin of the state, and, is the orbital angular momen
tum:

j 5,1 1
2 , J5 j 1 1

2 :

Mm1¯mk~v !5P1«v
m1¯mk11gmk11

; ~70!

j 5,1 1
2 , J5 j 2 1

2 :

Mm1¯mk~v !52A~2k11!/~k11!P1g5«v
n1¯nk

3Fgn1

m1
¯gnk

mk2
1

2k11
gn1

~gm12vm1!

3gn2

m2
¯gnk

mk2¯2
1

2k11

3gn1

m1
¯gnk21

mk21gnk
~gmk2vmk!G ; ~71!

j 5,2 1
2 , J5 j 1 1

2 :

Mm1¯mk~v !5P1«v
m1¯mk11g5gmk11

; ~72!

j 5,2 1
2 , J5 j 2 1

2 :

Mm1¯mk~v !5A~2k11!/~k11!P1«n1¯nk

3Fgn1

m1
¯gnk

mk2
1

2k11
gn1

~gm11vm1!

3gn2

m2
¯gnk

mk2¯2
1

2k11

3gn1

m1
¯gnk21

mk21gnk
~gmk1vmk!G . ~73!

For a transition of the typeBm1¯mk(v)→Dn1¯nk8(v8),
the preceding expressions have to be contracted with the
sor containing all possible independent IW functions (k8
.k):
9-8



e

e

li

s
y,

-

e

c-

that

SUM RULES IN THE HEAVY QUARK LIMIT OF QCD PHYSICAL REVIEW D67, 114009 ~2003!
jn1¯nk8 ,m1¯mk
5~21!k~v2v8!nk11

¯~v2v8!nk8

3@j0
~k8,k!~w!gn1m1

¯gnkmk
1j1

~k8,k!~w!

3~v2v8!n1
~v2v8!m1

gn2m2
¯gnkmk

1¯

1jk
~k8,k!~w!~v2v8!n1

3~v2v8!m1
¯~v2v8!nk

~v2v8!mk
#. ~74!

However, we are here interested in the transitions betw
the ground state and the excited states1

2
2→ j P, i.e., k50,

and the tensor~74! becomes, in this case,

jm1¯mk
5~v2v8!m1

¯~v2v8!mk
j0

~k!~w!. ~75!

Then the matrix elements are written, for the different cas

^D ~ j 5,11/2,J5 j 11/2!
~n! ~v8!uh̄v8

~c!Ghv
~b!uB~* !~v !&

5t,11/2
~, !~n!~w!vm1

¯vmk
«8* m1¯mk11

3Tr@gmk11
P18 GB~v !#, ~76!

^D ~ j 5,11/2,J5 j 21/2!
~n! ~v8!uh̄v8

~c!Ghv
~b!uB~* !~v !&

5A~2k11!/~k11!t,11/2
~, !~n!~w!

3«8* n1¯nkTrH Fvn1
¯vnk

2
1

2k11
~v”2w!

3gn1
vn2

¯vnk
2¯2

1

2k11
vn1

¯vnk21

3~v”2w!gnkGg5P18 GB~v !J , ~77!

^D ~ j 5,21/2,J5 j 11/2!
~n! ~v8!uh̄v8

~c!Ghv
~b!uB~* !~v !&

5t,21/2
~, !~n!~w!vm1

¯vmk
«8* m1¯mk11

3Tr@gmk11
~2g5!P18 GB~v !#, ~78!

^D ~ j 5,21/2,J5 j 21/2!
~n! ~v8!uh̄v8

~c!Ghv
~b!uB~* !~v !&

5A~2k11!/~k11!t,21/2
~, !~n!~w!

3«8* n1¯nkTrH Fvn1
¯vnk

2
1

2k11

3~v”1w!gn1
vn2

¯vnk
2¯2

1

2k11
vn1

¯vnk21

3~v”1w!gnkGP18 GB~v !J . ~79!

In all these relations we have made use of the orthogona
condition
11400
en

s,

ty

vn i
8 «8* n1¯nk50 ~ i 51,...,k!. ~80!

B(v) denotes the 434 matrix of the ground state,B or B*
@Eq. ~17!#. The functionst j 5,61/2

(,)(n) (w) are the generalization
to arbitraryj of the IW functions introduced above, namel

t1/2
~0!~w![j~w!, t3/2

~1!~w![)t3/2~w!,

t1/2
~1!~w![2t1/2~w!, t3/2

~2!~w![)s3/2~w!, ~81!

with an implicit radial quantum numbern. Therefore,
t3/2

(1)(w) and t1/2
(1)(w) are respectively identical to the func

tions t(w) and z(w) defined by Leibovichet al. @4#. The
superscript, in t,61/2

(,)(n)(w) is necessary as it indicates th
parity, since for a givenj 5,6 1

2 > 1
2 , there are two possible

values for,5 j 6 1
2 , and therefore two possible paritiesP

5(21),11.
Considering now theB meson, as in the preceding se

tions,

B~v !5P1~2g5!, ~82!

we compute the different matrix elements. Remembering
k5 j 2 1

2 one obtains the following results.
Vector current:

^D ~ j 5,11/2,J5 j 11/2!
~n! ~v8!uh̄v8

~c!v”hv
~b!uB~v !&

5^D ~ j 5,21/2,J5 j 21/2!
~n! ~v8!uh̄v8

~c!v”hv
~b!uB~v !&50, ~83!

^D ~ j 5,11/2,J5 j 21/2!
~n! ~v8!uh̄v8

~c!v”hv
~b!uB~v !&

52A~,11!/~2,11!~w11!t,11/2
~, !~n!~w!

3vm1
¯vm,

«8* m1¯m,, ~84!

^D ~ j 5,21/2,J5 j 11/2!
~n! ~v8!uh̄v8

~c!v”hv
~b!uB~v !&

52t,21/2
~, !~n!~w!vm1

¯vm,
«8* m1¯m,. ~85!

Axial current:

^D ~ j 5,11/2,J5 j 21/2!
~n! ~v8!uh̄v8

~c!v”g5hv
~b!uB~v !&

5^D ~ j 5,21/2,J5 j 11/2!
~n! ~v8!uh̄v8

~c!v”g5hv
~b!uB~* !~v !&50,

~86!

^D ~ j 5,11/2,J5 j 11/2!
~n! ~v8!uh̄v8

~c!v”g5hv
~b!uB~v !&

52t,11/2
~, !~n!~w!vm1

¯vm,11
«8* m1¯m,11, ~87!

^D ~ j 5,21/2,J5 j 21/2!
~n! ~v8!uh̄v8

~c!v”g5hv
~b!uB~v !&

52A,/~2,21!~w21!t,21/2
~, !~n!~w!

3vm1
¯vm,21

«8* m1¯m,21. ~88!
9-9
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We can now write down the contributions to the LHS of t
SR. We proceed as in Secs. III and IV adopting the symm
ric cases~46! and~58!. In an obvious notation, one finds th
following results.

Vector current:

L ~ j 5,11/2,J5 j 11/2!5L ~ j 5,21/2,J5 j 21/2!50, ~89!

L ~ j 5,11/2,J5 j 21/2!5
,11

2,11
~wi11!~wf11!

3S,~wi ,wf ,wi f !(
n

t,11/2
~, !~n!~wi !t,11/2

~, !~n!~wf !,

~90!

L ~ j 5,11/2,J5 j 11/2!

5S,~wi ,wf ,wi f !(
n

t,21/2
~, !~n!~wi !t,21/2

~, !~n!~wf !.

~91!

Axial current:

L ~ j 5,11/2,J5 j 21/2!5L ~ j 5,21/2,J5 j 11/2!50, ~92!

L ~ j 5,11/2,J5 j 11/2!

5S,11~wi ,wf ,wi f !(
n

t,11/2
~, !~n!~wi !t,11/2

~, !~n!~wf !,

~93!

L ~ j 5,21/2,J5 j 21/2!5
,

2,21
~wi21!~wf21!

3S,21~wi ,wf ,wi f !(
n

t,21/2
~, !~n!~wi !t,21/2

~, !~n!~wf !.

~94!

In all these relations, the quantitySn defined by

Sn5v in1
¯v inn

v f m1
¯v f mn

Tn1¯nn ,m1¯mn,

where

Tn1¯nn ,m1¯mn5(
l

«8~l!* n1¯nn«8~l!m1¯mn ~95!

depends only on the four-velocityv8, and «8(l)m1¯mn is a
symmetric tensor with vanishing contractions and transve
to v8 ~see Appendix A!.

It can be shown, as demonstrated below in Appendix
that the scalar quantity

Sn5v in1
¯v inn

v f m1
¯v f mn

Tn1¯nn ,m1¯mn ~96!

can be computed and is given by the following expressio

Sn5 (
0<k<n/2

Cn,k~wi
221!k~wf

221!k~wiwf2wi f !
n22k,

~97!

where
11400
t-

e

,

:

Cn,k5~21!k
~n! !2

~2n!!

~2n22k!!

k! ~n2k!! ~n22k!!
. ~98!

We did find that in the SRs~51! and ~63! or ~65! the
contribution of the states32

2 is identically zero. Using now
the preceding general formulas, let us prove that not o
does the contribution of the statesj P5 3

2
2 vanish, but that

this is also the case for anyj > 5
2 . This result will imply that

the SRs~67! and ~68! are exact equations, i.e., we can dr
out the1¯ .

Let us begin Eq.~51!, which was found with the axia
vector current by differentiating with respect towi and tak-
ing the limit wi51, wf5wi f 5w. Notice first that

Sn~wi ,wf ,wi f !uwi51,wf5wi f 5w50 ~n>1! ~99!

because of the orthogonality condition~80!.
From Eqs.~97! and ~98! we need to prove that

]

]wi
Sn11~wi ,wf ,wi f !U

wi51,wf5wi f 5w

50 ~n>2!,

~100!

]

]wi
~wi21!~wf21!Sn~wi ,wf ,wi f !U

wi51,wf5wi f 5w

50

~n>1!. ~101!

The second condition~101! is obviously satisfied because o
the factor (wi21) and the orthogonality condition~80!.

The first condition~100! holds also, as can be seen fro
the explicit formula~97!:

]

]wi
Sn11~wi ,wf ,wi f !

5 (
0<k<~n11!/2

Cn11,k~wf
221!k@2kwi~wi

221!k21

3~wiwf2wi f !
n1122k1~n1122k!wf~wi

221!k

3~wiwf2wi f !
n22k# ~102!

which vanishes forwi51, wf5wi f 5w when n>2. Notice
that this expression does not vanish forn51, which corre-
sponds to the contribution of the32

1 states to the SRs.
Let us now consider Eq.~63!, which was found with the

vector current by derivation with respect towi f , and taking
the limit wi51, wf5wi f 5w, or Eq.~65! by derivation with
respect towi , and taking the limitwf51, wi5wi f 5w. From
Eq. ~97! we need to prove

]

]wi f
~wi11!~wf11!Sn~wi ,wf ,wi f !U

wi51,wf5wi f 5w

50

~n>2!, ~103!
9-10
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]

]wi f
Sn11~wi ,wf ,wi f !U

wi51,wf5wi f 5w

50 ~n>1!.

~104!

This is indeed the case, since

]

]wi f
Sn~wi ,wf ,wi f !52 (

0<k<n/2
Cn,k~wi

221!k~wf
221!k

3~n22k!~wiwf2wi f !
n22k21 ~105!

vanishes forwi51, wf5wi f 5w whenn>2. Notice that this
quantity does not vanish forn51, corresponding again to th
contribution of the3

2
1 states to the SRs. The proof can

done also by derivation with respect towi , and taking the
limit wf51, wi5wi f 5w.

In conclusion, we have demonstrated that in the SRs~67!
and ~68! there are no contributions from higher excitation

We must make an important distinction between the d
ferent SRs that we have obtained. On the one hand, ther
the SRs to which contribute the whole series ofj P excita-
tions. On the other hand, we have obtained two special
~67! and ~68!, where only a limited number of intermedia
states contribute.

One can understand the truncation of the series in
latter case because the SRs correspond to the boundary
dition wi51, wi f 5wf5w. Therefore, the matrix elemen

^D (n(v8)uh̄v8
(c)G1hv i

(b)uB(v i)& is computed at zero recoil

hence the finite number of terms in the expansion. As
have seen, the SR~67! obtained with the axial vector cur
rents implies at zero recoil the Uraltsev SR~57!. The corre-
sponding SR from the vector current~68! is the Bjorken-type
counterpart and indeed implies, at zero recoil, the Bjork
SR for the slope~56!.

On the other hand, since all the SRs that we have obta
are exact relations, we can differentiate them relative tow
and, for a given derivative, taking the zero recoil limitw
51, the series will be truncated due to the higher powers
the recoil (w21), as, increases. Therefore, one can exp
to obtain information on higher derivatives of the elastic I
function j(w), as we have done in Ref.@15#.

VI. A BOUND ON THE CURVATURE FROM THE NEW
SUM RULES

In the preceding section we demonstrated that the
~67! and ~68! do not have contributions from higher excite
states, i.e., we can omit1¯ in these equations. This is a
important result that means thatthese SRs, involving onl
j(w), t1/2

(n)(w), and t3/2
(n)(w), are exact relations for all w,

namely,

2~w11!(
n

t3/2
~n!~1!t3/2

~n!~w!24(
n

t1/2
~n!~1!t1/2

~n!~w!5j~w!,

~106!
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24~w11!(
n

t3/2
~n!~1!t3/2

~n!~w!24(
n

t1/2
~n!~1!t1/2

~n!~w!

5j~w!12~w11!j8~w!. ~107!

These relations are the main result of this paper.
Therefore, we can still differentiate relation~107!:

24(
n

t3/2
~n!~1!t3/2

~n!~w!24~w11!(
n

t3/2
~n!~1!t3/2

~n!8~w!

24(
n

t1/2
~n!~1!t1/2

~n!8~w!

5j8~w!12j8~w!12~w11!j9~w!. ~108!

Expanding the elastic IW functionj(w) in powers of (w
21),

j~w!512r2~w21!1
s2

2
~w21!21¯ , ~109!

one obtains, at zero recoil,

24(
n

@t3/2
~n!~1!#228(

n
t3/2

~n!~1!t3/2
~n!8~1!24

3(
n

t1/2
~n!~1!t1/2

~n!8~1!523r214s2, ~110!

and from relation~55! for r2 one obtains

s25
5

12
r222(

n
t3/2

~n!~1!t3/2
~n!8~1!2(

n
t1/2

~n!~1!t1/2
~n!8~1!.

~111!

We can also differentiate relation~106! relative tow and take
the zero recoil limit:

2(
n

@t3/2
~n!~1!#214(

n
t3/2

~n!~1!t3/2
~n!8~1!24(

n
t1/2

~n!

3~1!t1/2
~n!8~1!52r2, ~112!

and from Eq.~55! we obtain

r252
12

5 F(
n

t3/2
~n!~1!t3/2

~n!8~1!2(
n

t1/2
~n!~1!t1/2

~n!8~1!G .
~113!

Combining relations~111! and ~113! one obtains

s2523(
n

t3/2
~n!~1!t3/2

~n!8~1!. ~114!

Equations~113! and ~114! are important results of the
present paper. We must insist on the fact that they are e
relations, as no other higher excited states contribute to
sums in the RHS.

Let us now discuss these formulas. If we make the pl
sible assumption
9-11
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2(
n

t1/2
~n!~1!t1/2

~n!8~1!.0, ~115!

the following inequality follows from Eqs.~113! and ~114!:

s2>
5

4
r2. ~116!

This inequality, from the lower boundr2> 3
4 @6,12#, implies

the absolute bound

s2>
15

16
. ~117!

The assumption~115! is valid if then50 state dominates

the sum, and ift1/2
(0)8(1),0. This latter condition is very

natural, since it concerns transitions between states of ra
quantum numbern50, and therefore with no nodes in th
wave function.

VII. PHENOMENOLOGICAL REMARKS

In the Bakamjian-Thomas~BT! type of relativistic quark
model, we have shown that Bjorken and Uraltsev SRs
satisfied@17#. Moreover, these SRs are approximately sa
rated by then50 states. We can add that the slopes of
three IW functionsj(w), t3/2

(0)(w), andt1/2
(0)(w) are negative

@18#; namely, a good approximate parametrization of th
functions is given by

j~w!5S 2

w11D 2r2

, t3/2
~0!~w!5S 2

w11D 2s3/2
2

,

t1/2
~0!~w!5S 2

w11D 2s1/2
2

. ~118!

In the spectroscopic model of Godfrey and Isgur~GI!, one
finds the results

j~1!51, r251.02,

t1/2
~0!~1!50.22, s1/2

2 50.83,

t3/2
~0!~1!50.54, s3/2

2 51.50. ~119!

We observe that on approximating the RHS of Eq.~113! with
the n50 states this SR can be written

r251.0250.951contributions formnÞ0 excitations.
~120!

The inequality~116! is satisfied also in the BT scheme, sinc
for example, in the GI spectroscopic model

r2>1, s2>
3

2
, ~121!

and the inequality~116! becomes 3/2.5/4. Therefore the
conjecture~115! is satisfied in the model. Notice that B
quark models satisfy Bjorken and Uraltsev SRs@17#.
11400
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Although it remains to be proved, it is highly plausib
that these models satisfy the whole set of SRs of QCD in
heavy quark limit, and therefore the new class~113! and
~114!.

Finally, from relation~114! we get the following result for
the curvature, compared with the direct result~121! from the
elastic IW functionj(w) ~118!:

s2>1.551.311contributions formnÞ0 excitations.
~122!

We can conclude that there is an excellent qualitat
agreement between the slope and the curvature of the el
IW function as given directly from its calculation and a
estimated from the SRs~113! and~114!, if one assumes tha
then50 states dominate, as already has been checked u
the Bjorken and Uraltsev sum rules.

VIII. CONCLUSIONS AND OUTLOOK

In conclusion, within the OPE, we have presented a
variant method, using the trace formalism, to obtain s
rules in the heavy quark limit that relate the elastic Isg
Wise functionj(w) to IW functions of transitions to excited
states.

A main ingredient has been the introduction of the dom
of the three variables (wi ,wf ,wi f ), that allows a systematic
way of exploring all possible SRs. In particular, we ha
given a simple and direct deduction of Bjorken and Uralts
SRs, with generalizations of the latter forwÞ1. The simplic-
ity of the proof relies on the choice of the pseudoscalaB
mesonB(v i)→D (n)(v8)→B(v f) and of currents projected
on the initial and final velocitiesv i and v f , like (G1 ,G2)
5(v” i ,v” f) or (v” ig5 ,v” fg5). This simplifies the calculation
enormously, since it gives vanishing contributions for half
the possible intermediate states. Notice that we obtain
same SRs~48! and ~60!, if we use (G1 ,G2)5(v” 8,v” 8) or ~1,
1! and (G1 ,G2)5(v” 8g5 ,v” 8g5) or (ig5 ,ig5).

Moreover, a new class of SR, involving on the one ha
IW functions at zero recoil and on the other hand IW fun
tions for anyw have been obtained. These SRs reduce
known results forw51.

Among these new SRs, we have found two new relatio
that involve only the elastic IW functionj(w), and the ex-
cited t1/2

(n)(w) and t3/2
(n)(w), with vanishingcontributions for

all other IW functions between the ground and higher exci
states. The vanishing of the states3

2
2 has been shown ex

plicitly, using the corresponding wave function. We ha
generalized this result, demonstrating that all contributio
of higher states withj 6, j > 5

2 , vanish identically. An impor-
tant ingredient in the proof was a compact formula for t
polarization tensor saturated with initial and final fou
velocities.

These new SRs are therefore very strong and provide
results that relate the sloper2 and the curvatures2 of j(w)

to t1/2
(n)(1),t3/2

(n)(1) and t1/2
(n)8(1),t3/2

(n)8(1). Modulo a very
natural assumption, these SRs imply the bounds2> 5

4 r2.
On the other hand, as a phenomenological remark,

have shown that these new SRs forr2 and s2 are in good
agreement with the numerical results obtained within
9-12
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Bakamjian-Thomas relativistic quark models, which sati
Isgur-Wise scaling. In this framework, the SRs are satura
to great accuracy by then50 intermediate states.

Which are the prospects for this work? The main a
would be to obtain all possible usable SRs. By ‘‘usable’’ w
mean SRs that involve onlyj(w) andt1/2

(n)(w),t3/2
(n)(w).

For the moment, we have concentrated mainly on
case, which appears to be simple,B(v i)→B(v f) with sym-
metric currents, projected alongv i andv f . One should also
study the case of the transitionsB(v i)→B* (v f) and
B* (v i)→B* (v f) and nonsymmetric currents like (G1 ,G2)
5(v” i ,v” i), (v” i ,v” 8), etc., or equivalently (G1 ,G2)
5(gm ,gn), (gmg5 ,gng5),... for which in general all inter-
mediate states contribute. We have explored a numbe
these nonsymmetric situations for the pseudoscalarB meson
and found confirmation of the results presented here.

The case of theB* is rather involved because of the p
larization, mainly in the case of nonsymmetric currents,
used by Uraltsev in finding his SR. We have given in Appe
dix B our covariant version of his calculation.

A systematic complete study remains to be done and m
be worthwhile. In particular, it would be interesting to che
if the conjecture~115! on t1/2

(n)(w), satisfied by BT quark
models, that leads from the SR obtained here to the ineq
ity s2> 5

4 r2, is or is not a result of heavy quark symmet
@19#.
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APPENDIX A: PROJECTOR ON THE POLARIZATION
TENSORS

The polarization state of a relativistic boson is commo
described by a polarization tensor, generalizing the polar
tion vector of a spin 1 particle. The polarization tensors o
particle of integer spinJ are the tensors«m1¯mJ

of tank J

which satisfy the following conditions:~1! Symmetry:
«m1¯mJ

5«ms(1)¯ms(J)
for any permutations of 1,...,J; ~2!

vanishing contractions~or tracelessness!: gmm8«mm8m3¯mJ

50 ~when J>2); and ~3! transversity: vm«mm2¯mJ
50,

wherev is the four-velocity of the particle.
An orthornormal set of 2J11 polarization states will be

described by a set«m1¯mJ

(l) of polarization tensors satisfyin

the following normalization conditions:

gm1n1
¯gmJnJ«m1¯mJ

~l! ~«n1¯nJ

~l8! !* 5~21!Jdll8 . ~A1!

Then, when summing over the intermediate states of a
ticle of integer spinJ, one has to deal with theprojector on
polarization tensorsP (v) defined by
11400
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Pm1¯mJ ;n1¯nJ

~v ! 5 (
l52J

J

«m1¯mJ

~l! ~«n1¯nJ

~l! !* . ~A2!

In this appendix, we intend to deduce an explicit expr
sion for this tensor. The basic result is

v f
m1
¯v f

mJPm1¯mJ ;n1¯nJ

~v ! v i
n1
¯v i

nJ

52J
~J! !2

~2J!!
~wi

221!J/2

3~wf
221!J/2PJS wiwf2wi f

A~wi
221!~wf

221!
D , ~A3!

where v i and v f are arbitrary velocity four-vectors
wi ,wf ,wi f are the following scalar products:

wi5v•v i , wf5v•v f , wi f 5v i•v f , ~A4!

andPn is the usual Legendre polynomial.
The matrix element~A3! is a polynomial inwi ,wf ,wi f .

Using explicit expressions ofPn , one has the two following
useful expressions of this polynomial:

v f
m1
¯v f

mJPm1¯mJ ;n1¯nJ

~v ! v i
n1
¯v i

nJ

5 (
0<k<J/2

CJ,k~wi
221!k~wiwf2wi f !

J22k~wf
221!k,

~A5!

v f
m1
¯v f

mJPm1¯mJ ;n1¯nJ

~v ! v i
n1
¯v i

nJ

5 (
0<k<J/2

CJ,k8 ~wiwf2wi f !
J22k@~wi

221!~wf
221!

2~wiwf2wi f !
2#k, ~A6!

whereCj ,k andCJ,k8 are the numerical coefficients given b

CJ,k5~21!k
~J! !2

~2J!!

~2J22k!!

k! ~J2k!! ~J22k!!
, ~A7!

CJ,k8 5~21!k2J22k
~J! !2

~2J!!

J!

~k! !2~J22k!!
.

~A8!

The expression~A5! is useful when considering the limi
v i→v in which wi→1 andwi f →wf ~or as well v f→v in
which wf→1 andwi f →wi). The expression~A6! is useful
when considering the limitv f→v i in which wi f →1 andwf
→wi . Indeed, thekth term in Eq.~A5! or Eq.~A6! vanishes
at orderk, and only thek50 term survives in the considere
limit.

In this paper the matrix elements~A3! are all we need.
However, as we shall see, the full expression ofP (v) can be
deduced from these particular matrix elements. For brev
we write this full expression for a particle at rest, in whic
case only the purely spatial components are nonvanish
9-13
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The tensorPm1 ,...,mn ;n1 ,...,nn

(v) for an arbitrary four-velocityv
is readily obtained from the formula below by the substi
tions

d i r i r 8
→2gmrmr 8

1vmr
vmr 8

,

d i sj s8
→2gmsns8

1vms
vns8

, ~A9!

d j t j t8
→2gn tn t8

1vn t
vn t8

.

The formula is

P i 1¯ i n ; j 1¯ j n
5 (

0<k<n/2
f n,k (

I ,J,$1¯n%
uI u5uJu52k

3S (JPP2~ I !
)

$r ,r 8%PJ
d i r i r 8D

3S (
sPB~CI ,CJ!

)
s¹I

d i sj s~s!D
3S (

J8PP2~J!
)

$t,t8%PJ8
d j t j t8D ~A10!

with
i
re
it

t
a-
tia
n

e

11400
- f n,k5~21!k22k
k! ~2n22k!!

~n2k!! ~2n!!
. ~A11!

In this formula~A10!, CI andCJ are the complementary se
in $1,2,...,n% of the subsetsI andJ. For a setX, P2(X) is the
set of partitions ofX by two-element subsets~precisely, un-
ordered partitions, or partitions as sets of subsets!. For two
setsX andY, B(X,Y) is the set of bijectionsX→Y.

@There is a logical subtlety in the~important! termsI 5J
50” in Eq. ~A10!; namely, one has

(JPP2~0” !
)

$r ,r 8%PJ
d i r ,i r 8

51.

The reason is that the set~of sets! P2(0” ) is not the empty set
~else the sum would be 0!, but is $0” %. It contains the only
element J50” ~the empty set!, and the product
P$r ,r 8%PJd i r ,i r 8

of an empty family is conventionally 1.#

In words, a term in Eq.~A10! is obtained as follows.
Select an even number 2k of indices among thei’s and also
among thej’s. Match the remainingi’s with the remainingj’s
and include a factord i j for each matched pair~i, j!. Divide
the 2k selectedi’s into pairs and include a factord i i 8 for each
pair (i ,i 8). Divide the 2k selectedj’s into pairs and include
a factord j j 8 for each pair (j , j 8). Different terms correspond
to different such products ofd ’s. The lower rank (n<3)
tensors are written
P i 1 ; j 1
5d i 1 j 1

, ~A12!

P i 1 ,i 2 ; j 1 , j 2
5

1

2
~d i 1 j 1

d i 2 j 2
1d i 1 j 2

d i 2 j 1
!2

1

3
d i 1i 2

d j 1 j 2
, ~A13!

P i 1 ,i 2 ,i 3 ; j 1 , j 2 , j 3
5

1

6
~d i 1 j 1

d i 2 j 2
d i 3 j 3

1d i 1 j 1
d i 2 j 3

d i 3 j 2
1d i 1 j 2

d i 2 j 1
d i 3 j 3

1d i 1 j 2
d i 2 j 3

d i 3 j 1
1d i 1 j 3

d i 2 j 1
d i 3 j 2

1d i 1 j 3
d i 2 j 2

d i 3 j 1
!

2
1

15
~d i 1i 2

d i 3 j 3
d j 1 j 2

1d i 1i 2
d i 3 j 2

d j 1 j 3
1d i 1i 2

d i 3 j 1
d j 2 j 3

1d i 1i 3
d i 2 j 3

d j 1 j 2
1d i 1i 3

d i 2 j 2
d j 1 j 3

1d i 1i 3
d i 2 j 1

d j 2 j 3

1d i 2i 3
d i 1 j 3

d j 1 j 2
1d i 2i 3

d i 1 j 2
d j 1 j 3

1d i 2i 3
d i 1 j 1

d j 2 j 3
!. ~A14!
q.
Reduction to a three-dimensional problem

We now turn to proofs of the above results. As a prelim
nary step, observe that the problem is reduced to a th
dimensional problem. Indeed, due to Lorentz covariance,
enough to consider a particle at rest, namely,v5(1,0W ). Then
the transversity condition~3! above amounts to saying tha
«m1¯mJ

50 if oneof the indices is 0. Therefore, a polariz
tion tensor is completely determined by its purely spa
components« i 1¯ i J

, all the other components being zero. O
these three-dimensional tensors, the conditions of symm
~1! and of tracelessness~2! are written as:

(18) Symmetry:« i 1¯ i J
5« i s(1)¯ i s(J)

for any permutation

s of 1,...,J.
-
e-
is

l

try

(28) Tracelessness:( i« i i i 3¯ i J
50 ~whenJ>2).

The orthonormality conditions~A1! are written

(
i 1¯ i J

« i 1¯ i J
~l! ~« i 1¯ i J

~l8! !* 5dll8 . ~A15!

The tensorP is also purely spatial and, according to E
~A2!, is given by

P i 1¯ i J ; i
18¯ i

J8
5 (

l52J

J

« i 1¯ i J
~l! ~« i

18¯ i
j8

~l!
!* . ~A16!

But the preceding consideration identifies this spatialP as
the projection operator, in the space of tensors of rankJ, on
9-14
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the subspace of traceless symmetric tensors. Indeed, ac
ing to Eq. ~A16!, the tensor( i

18¯ i
J8
P i 1¯ i J ; i

18¯ i
J8
Ti

18¯ i
J8

is

traceless symmetric for any tensorTi 1¯ i J
and, according to

Eqs.~A15! and ~A16!, one has

(
i 18¯ i J8

P i 1¯ i J ; i
18¯ i

J8
« i

18¯ i
J8
5« i 1¯ i J

~A17!

for any traceless symmetric tensor« i 1¯ i J
.

The problem of finding the projector on the polarizati
tensors is now reduced to the problem of finding the proj
tor on thespatial symmetric traceless tensors.

Deduction of the projector’s particular matrix elements
by standard methods of angular momentum coupling

Let us now turn to a proof of Eq.~A3!. The space of rank
J tensors is just the tensor product of a numberJ of the
angular momentum 1 representation of the rotation gro
The subspace of traceless symmetric tensors is just the
space of angular momentumJ, as can be understood sinc
this subspace is used to describe the spin states of a pa
of spin J.

Our problem is now reduced to the coupling ofJ copies of
the angular momentum 1 into a total angular momentumJ.
We now on use standard methods of angular momentum
pling.

The Clebsch-Gordan coefficients for the coupling of tw
angular momentaJ1 and J2 to the maximum valueJ11J2
has the following simple factorized form:

^J11J2 ,M uJ1 ,J2 ,M1 ,M2&

5dM ,M11M2

c~J1 ,M1!c~J2 ,M2!

c~J11J2 ,M !
~A18!

with

c~J,M !5
A~2J!!

A~J1M !! ~J2M !!
. ~A19!

The coupling coefficients of three angular momen
J1 ,J2 ,J3 to the maximum valueJ11J21J3 , defined by

^J11J21J3 ,M uJ1 ,J2 ,J3 ,M1 ,M2 ,M3&

5(
M8

^J11J21J3 ,M uJ11J2 ,J3 ,M 8,M3&

3^J11J2 ,M 8uJ1 ,J2 ,M1 ,M2&, ~A20!

are easily calculated from Eq.~A18!:

^J11J21J3 ,M uJ1 ,J2 ,J3 ,M1 ,M2 ,M3&

5dM ,M11M21M3

c~J1 ,M1!c~J2 ,M2!c~J3 ,M3!

c~J11J21J3 ,M !
.

~A21!
11400
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Moreover, these coefficients do not depend on the partic
order of coupling chosen in Eq.~A19! ~first couplingJ1 and
J2 , and then coupling the result toJ3).

By a simple recursive argument, one finds from Eq.~A19!
that the coupling coefficients ofn angular momentaJ1 ,...,Jn
to the maximum valueJ11¯1Jn are given by

^J11¯1Jn ,M uJ1 ,...,Jn ,M1 ,...,Mn&

5dM ,M11¯1Mn

c~J1 ,M1!¯c~Jn ,Mn!

c~J11¯1Jn ,Mn!
~A22!

and are independent of the order of the couplings. Recall
the uJ11¯1Jn ,M & are basis states of theJ11¯1Jn an-
gular momentum subspace in the tensorial product of
J1¯Jn representation spaces of SU~2!, and that the coeffi-
cient ^J11¯1Jn ,M uJ1 ,...,Jn ,M1 ,...,Mn& is the scalar
product of the stateuJ11¯1Jn ,M & with the basis state

uJ1 ,...,Jn ,M1 ,...,Mn&5uJ1 ,M1& ^¯^ uJn ,Mn&
~A23!

in the tensorial product space.
Now we may take the case of interest to us,J15¯5Jn

51, with theJ51 representation of SU~2! in the form of the
ordinary rotations inC3 space~complexified ordinary three-
dimensional space!. The tensorial product space is just th
space of tensors of ordern, and theJ11¯1Jn5n subspace
is just the subspace of traceless symmetric tensors. The s
u1,...,1,M1 ,...,Mn& are the tensorial products of standar
basisvectorsu1, M& of C3, and the statesun,M& constitute a
standard basis of symmetric tensors. We are interested in
scalar product of the tensorsun,M& with the tensorsxW ^ n

@(xW ^ n) i 1¯ i n
5xi 1

¯xi n
# for anyxWPC3. Therefore, we have to

expand the tensorsxW ^ n in the basisu1,...,1,M1 ,...,Mn&.
The qualifier ‘‘standard’’ above means in conformity

the standard definition of the Clebsch-Gordan coefficien
The standard basis ofC3 is

u1,1&5 fW152
1

&
~eW11 ieW2!,

u1,0&5 fW05eW3 ,

u1,21&5 fW215
1

&
~eW12 ieW2!, ~A24!

where (eW1 ,eW2 ,eW3) is the Cartesian basis. Then a vectorxW
5x1eW11x2eW21x3eW3PC3 can be written

xW52
x12 ix2

&
fW 11

x11 ix2

&
fW 211x3fW0 ~A25!

and the tensor (xW ) ^ n is expanded as
9-15
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~xW ! ^ n5(
k,k8

n!

k!k8! ~n2k2k8!!
~21!k

3S x12 ix2

&
D kS x11 ix2

&
D k8

~x3!n2k2k8

3Sym~ fW1! ^ k
^ ~ fW21! ^ k8^ ~ fW0! ^ n2k2k8 ~A26!

where Sym is the projector on symmetric tensors

~Sym T! i 1¯ i n
5

1

n! (s Ti s~1!¯ i s~n!
.

Actually, equipped with the symmetrized product, the sy
metric tensors constitute a commutative algebra, so that
formula ~A26! is just obtained by multinomial expansion.

Then we have

^n,M u~xW ! ^ n&5(
k,k8

n!

k!k8! ~n2k2k8!!
~21!k

3S x12 ix2

&
D kS x11 ix2

&
D k8

3~x3!n2k2k8^n,M u~ fW1! ^ k
^ ~ fW21! ^ k8

^ ~ fW0! ^ n2k2k8& ~A27!

where the Sym operator has been dropped because the
pling coefficients do not depend on the order of the c
plings. Formula~A22! now readily gives

^n,M u~xW ! ^ n&5(
k,k8

n!

k!k8! ~n2k2k8!!
~21!k

3S x12 ix2

&
D kS x11 ix2

&
D k8

~x3!n2k2k8

3dM ,k2k8

c~1,1!kc~1,0!n2k2k8c~1,21!k8

c~n,M !
.

~A28!

An easy calculation~just undoing the multinomial expan
sion! gives the following generating function for thes
^n,M u(xW ) ^ n&:

(
M52n

n

c~n,M !^n,M u~xW ! ^ n&sM

5F2c~1,1!
x12 ix2

&
s1c~1,0!x3

2c~1,21!
x11 ix2

&
s21G n

. ~A29!

According to formula~A19!, we have
11400
-
he

ou-
-

c~n,M !5
A~2n!!

A~n1M !! ~n2M !!
,

c~1,1!51, c~1,0!5&, c~1,21!51. ~A30!

Therefore

(
M52n

n A~2n!!

A~n1M !! ~n2M !!
^n,M u~xW ! ^ n&sM

52n/2S 2
x12 ix2

2
s1x31

x11 ix2

2
s21D n

. ~A31!

Comparing this to the generating function for the so
spherical harmonicsYL

M(xW )5uxW uLYL
M( x̂), which is

(
M52L

L
~L !!

A~L2M !! ~L1M !!
YL

M~rW !sM

5
A2L11

A4p
S x12 ix2

2
s211x32

x11 ix2

2
sD L

, ~A32!

we arrive at the fundamental result

^n,M u~xW ! ^ n&52n/2
n!

A~2n11!!
A4pYn

M~xW !* . ~A33!

From this we compute the matrix element^(yW ) ^ nuPnu(xW ) ^ n&
of the sought projectorPn ~on the traceless symmetric ten
sors!. One has

^~yW ! ^ nuPnu~xW ! ^ n&5 (
M52n

n

^n,M u~yW ! ^ n&* ^n,M u~xW ! ^ n&

52n
~n! !2

~2n11!!
4p (

M52n

n

Yn
M~yW !Yn

M~xW !* ,

~A34!

and using

(
M52n

n

Yn
M~xW !Yn

M~yW !* 5
2n11

4p
uxW unuyW unPnS xW•yW

uxW uuyW u D
~A35!

one readily obtains

^~yW ! ^ nuPnu~xW ! ^ n&52n
~n! !2

~2n!!
uxW unuyW unPnS xW•yW

uxW uuyW u D .

~A36!

One may then introduce explicit expressions for t
Legendre polynomialsPn :

Pn~x!5
1

2n (
0<k<n/2

~21!k
~2n22k!!

k! ~n2k!! ~n22k!!
xn22k,

~A37!
9-16
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Pn~x!5 (
0<k<n/2

~21!k
1

22k

n!

~k! !2~n22k!!

3xn22k~12x2!k, ~A38!

and we obtain the following explicit expressions f
^(yW ) ^ nuPnu(xW ) ^ n&:

^~yW ! ^ nuPnu~xW ! ^ n&5 (
0<k<n/2

Cn,k~xW2!k~xW•yW !n22k~yW 2!k

5 (
0<k<n/2

Cn,k8 ~xW•yW !n22k

3@xW2yW 22~xW•yW !2#k, ~A39!

Cn,k5~21!k
~n! !2

~2n!!

~2n22k!!

k! ~n2k!! ~n22k!!
,

Cn,k8 5~21!k2n22k
~n! !2

~2n!!

n!

~k! !2~n22k!!
. ~A40!

To go back to an arbitrary velocityv and obtain Eq.~A3!,
just setxW5vW i , yW5vW f , and use the following formulas:

vW i
25~v i•v !22v i

25wi
221,

vW f
25~v f•v !22v f

25wf
221,

vW i•vW f5~v i•v !~v f•v !2v i•v f5wiwf2wi f . ~A41!

Deduction of the projector itself from its particular matrix
elements

We now present a deduction ofP i 1 ,...,i n ; j 1 ,...,j n
from the

matrix elementŝ (yW ) ^ nuPnu(xW ) ^ n&. To see how to proceed
let us consider a multilinear functionF(xW1 ,...,xWn), which is
symmetric in the permutations of itsn vector variables
xW1 ,...,xWn . Then it can be recovered from its diagonal valu
F„(xW )n…5F(xW ,...,xW ) by the following formula:

F~xW1 ,...,xWn!5
~21!n

n! (
s1 ,...,sn
0<si<1

~21!s11¯1sn

3F„~s1xW11¯1snxWn!n…. ~A42!

Indeed, expandingF„(s1xW11¯1snxWn)n… by multinearity
and collecting terms equal by symmetry, one has

F„~s1xW11¯1snxWn!n…

5 (
q1 ,...,qn

q11¯1qn5n

n!

q1!¯qn!
s1

q1
¯sn

qnF„~xW1!q1
,...,~xWn!qn…,

~A43!

where the notation (xW i)qi
@also used in Eq.~A42!# stands for

the qi-uple (xW i ,...,xW i). A term in Eq. ~A43! with some qi
vanishing gives no contribution to Eq.~A42! because it does
11400
s

not depend onsi , and the correspondingsi50 and si51
terms in Eq.~A42! cancel. Then, sinceq11¯1qn5n, the
only term of Eq.~A43! contributing to Eq.~A42! is q15¯

5qn51. The right-hand side of Eq.~A42! is therefore equal
to

~21!n

n! (
s1 ,...,sn
0<si<1

~21!s11¯1snn!s1¯snF~xW1 ,...,xWn!

5F~xW1 ,...,xWn!.

Using Eq. ~A42!, we can now deduceP i 1 ,...,i n ; j 1 ,...,j n

from the matrix elements in two steps. As a first step, let
apply formula~A42! to the multilinear symmetric function

~yW 1 ,...,yW n!→^yW 1^¯^ yW nuPnu~xW ! ^ n& ~A44!

with xW fixed. This gives

^yW 1^¯^ yW nuPnu~xW ^ n&5
~21!n

n! (
s1 ,...,sn
0<si<1

~21!s11¯1sn

3K S (
i

siyW i D ^ n

uPnu~xW ! ^ nL ,

~A45!

or, using Eq.~A39!,

^yW 1^¯^ yW nuPnu~xW ! ^ n&

5
~21!n

n! (
0<k<n/2

Cn,k~xW2!k

3 (
s1 ,...,sn
0<si<1

~21!s11¯1snS (
i

si~yW i•xW ! D n22k

3F S (
i

siyW i D 2G k

. ~A46!

Then we work out the multinomial expansions

S (
i

si~yW i•xW ! D n22k

5 (
u1 ,...,un>0

u11¯1un5n22k

~n22k!!

u1!¯un!

3)
i 51

n

~si !
ui~yW i•xW !ui, ~A47!

F S (
i

siyW i D 2G k

5S (
1< i ,i 8<n

sisi 8~yW i•yW i 8!D k

5 (
v11 ,v12 ,...,vn21,n ,vnn>0

v111v121¯1vnn5k

k!

v11!v12!¯vnn!

3 )
i ,i 851

n

~sisi 8!
v i i 8~yW i•yW i 8!

v i i 8. ~A48!
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Using this in Eq.~A46! and collecting the powers ofsi , we
have

^yW 1^¯^ yW nuPnu~xW ! ^ n&

5
~21!n

n! (
0<k<n/2

Cn,k~xW2!k

3 (
u1 ,...,un>0

u11¯1un5n22k

(
v11 ,v12 ,...,vn21,n ,vnn>0

v111v121¯1vnn5k

~n22k!!

u1!¯un!

3
k!

v11!v12!¯vnn!
(

s1 ,...,sn
0<si<1

~21!s11¯1snF)
i 51

n

~si !
piG

3F)
i 51

n

~yW i•xW !uiGF )
i ,i 851

n

~yW i•yW i 8!
v i i 8G , ~A49!

where the exponentpi of si is

pi5ui1 (
i 851

n

~v i 8 i1v i i 8!. ~A50!

Notice now that, for values of theui ’s and of thev i i 8’s such
that some exponentpi 0

vanishes, thesi 0
50 and thesi 0

51

terms cancel. Since, according to the constraints on theui ’s
and thev i i 8’s, one has

(
i 51

n

pi5(
i 51

n

ui12 (
i ,i 851

n

v i i 85n, ~A51!

we are left with the values of theui ’s and of thev i i 8’s such
thatp15¯5pn51. These values can then be only 0 or 1,
that ui ! 51 andv i i 8! 51. Moreover, we then have a facto
s1¯sn , so that onlys15¯5sn51 contributes. So Eq
~A49! reduces to

^yW 1^¯^ yW nuPnu~xW ! ^ n&

5 (
0<k<n/2

k! ~n22k!!

n!
Cn,k~xW2!k

3 (
u1 ,...,un ,v11 ,v11 ,v12 ,...,vn21,n ,vnn>0

u11¯1un5n22k
ui1v1i1¯1vni1v i11¯1v in51

F)
i 51

n

~yW i•xW !uiG

3F )
i ,i 851

n

~yW i•yW i 8!
v i i 8G ~A52!

where we have dropped the constraint( i ,i 851
n v i i 85k since it

is implied by the remaining constraints.
11400
Since theui ’s take only the values 0 or 1, we can repla
(u1 ,...,un), as the summation variable, by subsetsI of
$1,...,n%. It will be convenient to use the subset related
(u1 ,...,un) by I 5$ i uui50%. The constraintu11¯1un5n
22k is translated into the constraintuI u52k, and formula
~A52! becomes

^yW 1^¯^ yW nuPnu~xW ! ^ n&

5 (
0<k<n/2

k! ~n22k!!

n!
Cn,k~xW2!k (

I ,$1¯n%
uI u52k

F)
i ¹I

~yW i•xW !G
3 (

v11 ,v11 ,v12 ,...,vn21,n ,vnn>0
v1i1¯vni1v i11¯1v in50~ i ¹I !

v1i1¯1vni1v i11¯1v in51~ i PI !

F )
i ,i 8PI

~yW i•yW i 8!
v i 8G .

~A53!

Consider now the constraints on thev i i 8’s. If i ¹I or
i 8¹I , we havev i i 850. We are left with thev i i 8 for i ,i 8
PI , constrained by

(
i 8PI

~v i i 81v i 8 i !51 for any i PI . ~A54!

Notice thatv i i 50, sincev i i occurs twice in this sum. Let us
then replace thev i i 8’s, as summation variable, by the setJ of
two-element subsets ofI related to thev i i 8’s by

J5$$ i ,i 8%uv i i 81v i 8 i51!. ~A55!

For anyi PI , there is, according to Eq.~A54!, one and only
one i 8PI such that$ i ,i 8%PJ. In other words,J belongs to
the setP2(I ) of partitions ofJ by two-element subsets. Con
versely, ifJPP2(I ), the values ofv i i 81v i 8 i defined by Eq.
~A55!, namely,

v i i 81v i 8 i51 if $ i ,i 8%PJ, v i i 81v i 8 i50 if $ i ,i 8%¹J,

~A56!

do satisfy the constraints~A54!, since for anyi PI , there is
one and only onei 8PI such that$ i ,i 8%PJ. Now, Eq.~A56!
does not determine completely the values of thev i i 8’s. When
$ i ,i 8%¹J we must havev i i 85v i 8 i50, but when$ i ,i 8%PJ
we have two solutions:v i i 851, v i 8 i50 and v i i 850, v i 8 i
51. Since uJ u5k, we have in all 2k values of thev i i 8’s
corresponding to eachJPP2(I ). However, values of the
v i i 8’s corresponding to the sameJ give equal terms in Eq.
~A53! and, lumping these terms together, the formula~A53!
becomes
9-18
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^yW 1^¯^ yW nuPnu~xW ! ^ n&5 (
0<k<n/2

2k
k! ~n22k!!

n!
Cn,k

3~xW2!k (
I ,$1¯n%

uI u52k

F)
i ¹I

~yW i•xW !G
3F (JPP2~ I !

)
$ i ,i 8%PJ

~yW i•yW i 8!G .

~A57!

As a second~and last! step, let us apply formula~A42! to
the multilinear symmetric function
11400
~xW1 ,...,xWn!→^yW 1^¯^ yW nuPnuxW1^¯^ xWn& ~A58!

with (yW 1 ,...,yW n) fixed. This gives

^yW 1^¯^ yW nuPnuxW1^¯^ xWn&

5
~21!n

n! (
s1 ,...,sn
0<si<1

~21!s11¯1sn

3K yW 1^¯^ yW nuPnuS (
j

sjxW j D ^ nL ~A59!

or, using Eq.~A57!,
^yW 1^¯^ yW nuPnuxW1^¯^ xWn&5
~21!n

n! (
0<k<n/2

2k
k! ~n22k!!

n!
Cn,k (

I ,$1¯n%
uI u52k

F (JPP2~ I !
)

$ i ,i 8%PJ
~yW i•yW i 8!G

3 (
s1 ,...,sn
0<sj<1

~21!s11¯1snF S (
j

sjxW j D 2G kF)
i ¹I

S (
j

sj~yW i•xW j ! D G . ~A60!

Using the expansions

)
i ¹I

S (
j

sj~yW i•xW j ! D 5 (
ui j >0~ i ¹I ,1< j <n!

ui11¯1uin51

F )
i ¹I

1< j <n

~sj !
ui j ~yW i•xW j !

ui j G ~A61!

F S (
j

sjxW j D 2G k

5S (
1< j , j 8<n

sjsj 8~xW j•xW j 8!D k

5 (
v11 ,v12 ,...,vn21,n ,vnn>0

v111v121¯1vnn5k

k!

v11!v12!¯vnn! F )
j , j 851

n

~sjsj 8!
v j j 8~xW j•xW j 8!

v j j 8G ~A62!

in Eq. ~A60! and collecting the powers of thesi , we have

^yW 1^¯^ yW nuPnuxW1^¯^ xWn&5
~21!n

n! (
0<k<n/2

2k
k! ~n22k!!

n!
Cn,k (

I ,$1¯n%
uI u52k

F (JPP2~ I !
)

$ i ,i 8%PJ
~yW i•yW i 8!G

3 (
ui j >0~ i ¹I ,1< j <n!

ui11¯1uin51

(
v11 ,v12 ,...,vn21,n ,vnn>0

v111v121¯1vnn5k

k!

v11!v12!¯vnn!
(

s1 ,...,sn
0<sj<1

~21!s11¯1snF)
j 51

n

~sj !
pjG

3F )
i ¹I

1< j <n

~yW i•xW j !
ui j GF )

j , j 851

n

~xW j•xW j 8!
v j j 8G , ~A63!

where the exponentpj of sj is

pj5(
i ¹I

ui j 1 (
j 851

n

~v j 8 j1v j j 8!. ~A64!

According to the constraints on theui j ’s and thev j j 8 ’s, one has
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(
j 51

n

pj5 (
i ¹I

1< j <n

ui j 12 (
j , j 851

n

v j j 85n, ~A65!

and, by the same arguments following Eq.~A49!, one sees that only the termsp15¯5pn51, s15¯5sn51 contributes to
Eq. ~A63!. So Eq.~A63! reduces to

^yW 1^¯^ yW nuPnuxW1^¯^ xWn&5 (
0<k<n/2

2k
~k! !2~n22k!!

~n! !2 Cn,k (
I ,$1¯n%

uI u52k

F (JPP2~ I !
)

$ i ,i 8%PJ
~yW i•yW i 8!G

3 (
ui j ,v j j 8>0~ i ¹I ,1< j , j 8<n!

(1< j <nui j 51~ i ¹I !

( i ¹Iui j 1(1< j 8<n~v j j 81v j 8 j !51~1< j <n!

F )
i ¹I

1< j <n

~yW i•xW j !
ui j GF )

j , j 851

n

~xW j•xW j 8!
v j j 8G . ~A66!
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Consider the constraints on theui j ’s:

(
j 51

n

ui j 51 for all i ¹I , (
i ¹ I”

ui j <1 for all 1< j <n.

~A67!

The solutions of Eq.~A67! are in one-to-one corresponden
with the set of injective mapsv: CI→$1,...,n% by

ui j 51 if j 5v~ i !, ui j 50 if j Þv~ i !. ~A68!

Indeed, the first constraint~A67! says that to eachi ¹I cor-
responds one and only onej 5v( i ) such thatui j 51, and this
defines a mapv: CI→$1,...,n%. The second one says that, f
eachj, there is at most onei ¹I such thatui j 51, and this
means that the mapv is injective.

We can therefore replace theui j ’s, as summation vari-
ables, by the injective mapsv: CI→$1,...,n%. Furthermore, it
will be convenient to replacev by the pair (J,s) whereJ
5Cv(CI ) is the complementary subset of the image ofv,
and s: CI→CJ is the bijective map induced byv. Then
formula ~A68! becomes

^yW 1^¯^ yW nuPnuxW1^¯^ xWn&

5 (
0<k<n/2

2k
~k! !2~n22k!!

~n! !2 Cn,k

3 (
I ,J,$1¯n%
uI u5uJu52k

F (JPP2~ I !
)

$ i ,i 8%PJ
~yW i•yW i 8!G

3F (
sPB~CI,CJ!

)
i ¹I

~yW i•xWs~ i !!G
3 (

v j j 8>0~1< j , j 8<n!

(1< j 8<n~v j j 81v j 8 j !50~ j ¹J!

(1< j 8<n~v j j 81v j 8 j !51~ j PJ!

F )
j , j 851

n

~xW j•xW j 8!v j j 8G .

~A69!
11400
This last summation on thev j j 8’s is exactly the same a
the summation on thev i i 8’s in formula ~A53!, and is treated
in the same way. It is replaced by a summation on the pa
tions J 8PP2(J) of J by two-element subsets. To eachJ 8
correspond 2k solutions of thev j j 8 constraints, which give
equal terms in Eq.~A69!. Finally, we obtain

^yW 1^¯^ yW nuPnuxW1^¯^ xWn&

5 (
0<k<n/2

2k
~k! !2~n22k!!

~n! !2 Cn,k (
I ,J,$1¯n%
uI u5uJu52k

3F (JPP2~ I !
)

$ i ,i 8%PJ
~yW i•yW i 8!G

3F (
sPB~CI,CJ!

)
i ¹I

~yW i•xWs~ i !!G
3F (

J8PP2~ I !
)

$ j , j 8%PJ8
~xW j•xW j 8!G . ~A70!

Formula~A10! is just formula~A70! with

~yW 1 ,...,yW n!5~eW i 1
,...,eW i n

!, ~xW1 ,...,xWn!5~eW j 1
,...,eW j n

!

where (eW1 ,eW2 ,eW3) is the Cartesian basis ofR3.

Direct proof of the expression of the projector

The expression~A10! for the projectorP i 1 ,...,i n ; j 1 ,...,j n
on

the symmetric traceless tensors has been obtained by r
lengthy and indirect arguments. However, once express
~A10! is known, it becomes possible to verify directly that
gives the sought projector. We do this now, obtaining a n
proof of Eq.~A10!. This new proof goes on, without adde
complications, for an arbitrary dimensionD of space.

We thus consider now Eq.~A10! as atentative formula,
with unknown coefficientsf n,k . Let us enumerate the cond
tions for theP i 1 ,...,i n ; j 1 ,...,j n

to be the components of th

projectorPn on the subspace of the symmetric traceless t
sors~in the space of alln-rank tensors!.
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First, the image byPn of any tensor must be in the pro
jection subspace. For the components, this means tha
fixed (j 1 ,...,j n), the n-rank tensorP i 1 ,...,i n ; j 1 ,...,j n

is sym-
metric traceless. Therefore we have the two conditions.

~1! P i 1 ,...,i n ; j 1 ,...,j n
is symmetric with respect to the

i ’s;

~2! (
i 1 ,i 251

D

d i 1i 2
P i 1 ,...,i n ; j 1 ,...,j n

50

for all i 3 ,...,i n , j 1 ,...,j n . ~A71!

Next, Pn must transform into itself any tensor in the proje
tion subspace. This gives the following third condition:

~3! (
j 1 ,...,j n51

D

P i 1 ,...,i n ; j 1 ,...,j n
« j 1 ,...,j n

5« i 1 ,...,i n
~A72!

for any symmetric traceless tensor« i 1 ,...,i n
.

Conditions 1, 2, and 3 say thatPn is someprojector on
the symmetric traceless tensors. To specify it completely,
must add thatPn is theorthogonalprojector~i.e., it annihi-
lates any tensor orthogonal to all symmetric traceless
sors!. It is equivalent to saying thatPn is a symmetric~or
Hermitian! operator. This gives a fourth and last condition

~4! P i 1 ,...,i n ; j 1 ,...j n
5P j 1 ,...,j n ; i 1 ,...,i n

. ~A73!

Let us see now if we can satisfy these conditions with
formula ~A10!.

The conditions 1 and 4 are easy. They are satisfied in
pendently of the coefficientsf n,k . The symmetry with re-
spect to thei ’s stems from the fact that only theset$1,...,n%
of the numbers which specify thei ’s enters in Eq.~A10!.
The symmetry with respect to the exchange of thei ’s and j ’s
is also clearly satisfied by Eq.~A10!.

Condition 3 is not difficult to deal with. Notice that an
term in Eq.~A10! containing a factord j t j t8

gives no contri-
bution to the left-hand side of Eq.~A72!. This is due to the
fact that« i 1 ,...,i n

is symmetric traceless, so that

(
j t , j t851

D

d j t j t8
« j 1 ,...,j n

50. ~A74!

The only terms in Eq.~A10! without any factord j t j t8
are the

ones withJ empty. ButJ50” implies k50 and I 50” . So,
with the trial formula~A10!, condition 3 takes the form

f n,0 (
j 1 ,...,j n51

D

(
sPPn

)
s51

n

d i sj s~s!
« j 1 ,...,j n

5« i 1 ,...,i n
,

~A75!

or, summing thej i ’s,

f n,0 (
sPPn

« i s~1! ,...,i s~n!
5« i 1 ,...,i n

, ~A76!
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wherePn is the set of permutations of the set$1,...,n%. Tak-
ing into account the symmetry of« i 1 ,...,i n

, and sinceuPnu
5n!, this is the same as

n! f n,0« i 1 ,...,i n
5« i 1 ,...,i n

. ~A77!

Therefore, condition 3 just fixesf n,k for k50:

f n,05
1

n!
. ~A78!

Condition 2 is the hard one. The first thing to be done is
rewrite Eq. ~A10! in a form where the occurrences of th
indices i 1 and i 2 are explicit. The result of this step is for
mula ~A83! below. To alleviate the formulas, let us introduc
the following notation:

X~ I !5 (JPP2~ I !
)

$r ,r 8%PJ
d i r ,i r 8

,

Y~J!5 (
J8PP2~J!

)
$t,t8%PJ8

d j t , j t8
,

Z~ I ,J!5 (
sPB~ I ,J!

)
sPI

d i s , j s~s!
~A79!

for subsetsI and J of $1,...,n%. We will use the following
obvious relations:

X~ I !5 (
vPI 2$u%

d i u ,i v
X~ I 2$u,v%! ~uPI fixed!,

~A80!

Y~J!5 (
vPJ2$u%

d j u , j v
Y~J2$u,v%! ~uPJ fixed!,

~A81!

Z~ I ,J!5 (
vPJ

d i u , j v
Z~ I 2$u%,J2$v%! ~uPI fixed!.

~A82!

With this notation, Eq.~A10! is written

P i 1 ,...,i n ; j 1 ,...,j n
5 (

0<k<n/2
f n,k (

J,$1¯n%
uJu52k

(
I ,$1¯n%

uI u52k

3X~ I !Z~CI ,CJ!Y~J!. ~A83!

The sum on the subsetsI ,$1,...,n% is decomposed accordin
to the four possible cases (0” ,$1%,$2%,$1,2%) of intersection
of I with the subset$1,2%:
9-21
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P i 1 ,...,i n ; j 1 ,...,j n
5 (

0<k<n/2
f n,k (

J,$1¯n%
uJu52k

3H (
I ,$3¯n%

uI u52k

X~ I !Z~C8I ø$1,2%,CJ!

1 (
I ,$3¯n%
uI u52k21

X~ I ø$1%!Z~C8I ø$2%,CJ!

1 (
I ,$3¯n%
uI u52k21

X~ I ø$2%!Z~C8I ø$1%,CJ!

1 (
I ,$3¯n%
uI u52k22

X~ I ø$1,2%!Z~C8I ,CJ!J Y~J!.

~A84!

In this formula, the summation variableI is obtained from
the one of~A80! by possibly removing the elements 1 and
Furthermore,C8I is the complementary set in$3,...,n% of the
subsetI, while CJ is as before the complementary set ofJ in
$1,...,n%. Making the indicesi 1 and i 2 explicit is then ef-
fected by the following obvious formulas~written for subsets
I ,$3,...,n% and J,$1,...,n%), which can also be deduce
from Eqs.~A80! and ~A82!:
11400
.

X~ I ø$1%!5(
uPI

d i 1i u
X~ I 2$u%!,

X~ I ø$2%!5(
uPI

d i 2i u
X~ I 2$u%!,

X~ I ø$1,2%!5d i 1i 2
X~ I !1 (

u,vPI
uÞv

d i 1i u
d i 2i v

X~ I 2$u,v%!,

Z~ I ø$1%,J!5 (
vPJ

d i 1 j v
Z~ I ,J2$v%!,

Z~ I ø$2%,J!5 (
vPJ

d i 2 j v
Z~ I ,J2$v%!,

Z~ I ø$1,2%,J!5 (
u,vPJ
uÞv

d i 1 j u
d i 2 j v

Z~ I ,J2$u,v%!. ~A85!

One obtains
P i 1 ,...,i n ; j 1 ,...,j n
5 (

0<k<n/2
f n,k (

J,$1¯n%
uJu52k

H (
I ,$3¯n%

uI u52k

(
u,v¹J
uÞv

d i 1 j u
d i 2 j v

X~ I !Z~C8I ,CJ2$u,v%!1 (
I ,$3¯n%
uI u52k21

(
uPI

(
v¹J

d i 1i u
d i 2i v

3X~ I 2$u%!Z~C8I ,CJ2$v%!1 (
I ,$3¯n%
uI u52k21

(
uPI

(
v¹J

d i 2i u
d i 1 j v

X~ I 2$u%!Z~C8I ,CJ2$v%!

1 (
I ,$3¯n%
uI u52k22

d i 1i 2
X~ I !Z~C8I ,CJ!1 (

I ,$3¯n%
uI u52k22

(
u,vPI
uÞv

d i 1i u
d i 2i v

X~ I 2$u,v%!Z~C8I ,CJ!J Y~J!. ~A86!

It is now straightforward to contract the indicesi 1 and i 2 :

(
i 1 ,i 251

D

d i 1i 2
P i 1 ,...,i n ; j 1 ,...,j n

5 (
0<k<n/2

f n,kH (
J,$1¯n%

uJu52k

(
I ,$3¯n%

uI u52k

(
u,v¹J
uÞv

d j uj v
X~ I !Z~C8I ,CJ2$u,v%!Y~J!

12 (
J,$1¯n%

uJu52k

(
I ,$3¯n%
uI u52k21

(
uPI

(
v¹J

d i uj v
X~ I 2$u%!Z~C8I ,CJ2$v%!Y~J!

1D (
J,$1¯n%

uJu52k

(
I ,$3¯n%
uI u52k22

X~ I !Z~C8I ,CJ!Y~J!1 (
J,$1¯n%

uJu52k

(
I ,$3¯n%
uI u52k22

(
u,vPI
uÞv

d i ui v

3X~ I 2$u,v%!Z~C8I ,CJ!Y~J!J . ~A87!
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Next we rewrite the first, second, and last terms in the bra
in the same form as the third one. Let us transform a pa
sum in thefirst term as follows:

(
J,$1¯n%

uJu52k

(
u,v¹J
uÞv

d j uj v
Z~C8I ,CJ2$u,v%!Y~J!

5 (
J,$1¯n%
uJu52k12

(
u,vPJ
uÞv

d j uj v
Z~C8I ,CJ!Y~J2$u,v%!.

~A88!

The first sum is, at fixedu and v, over the subsetsJ that
containu and v, and the second sum is over the subsetJ
that do not containu or v. To each subset of the first kin
corresponds the subset of the second kind obtained by
moving u and v, and the original first kind of subset is re
covered by including backu andv. This proves Eq.~A88!.
The sum overu andv in the right-hand side of Eq.~A88! is
then calculated. By summing Eq.~A81! overuPJ, we have

(
u,vPJ
uÞv

d j uj v
Y~J2$u,v%!5uJuY~J!. ~A89!

Combining Eq.~A89! ~with uJu52k12) and Eq.~A88!, we
have

(
J,$1¯n%

uJu52k

(
u,v¹J
uÞv

d j uj v
Z~C8I ,CJ2$u,v%!Y~J!

52~k11! (
J8,$1¯n%
uJ8u52k12

Z~C8I ,CJ8!Y~J8!. ~A90!

Let us transform a partial sum in thesecondterm as follows:

(
I ,$3¯n%
uI u52k21

(
uPI

(
v¹J

d i uj v
X~ I 2$u%!Z~C8I ,CJ2$v%!

5 (
I ,$3¯n%
uI u52k22

(
uPC8I

(
v¹J

d i uj v
X~ I !Z~C8I 2$u%,CJ2$v%!.

~A91!

The first sum is, at fixeduP$3,...,n%, over the subsetsI that
containu, and the second sum is over the subsetsI that do
not containu. The formula~A91! results from the fact tha
the two kinds of subsets are put in bijective corresponde
by removing or includingu. The sum overu and v in the
right-hand side of Eq.~A91! is then calculated. By summin
Eq. ~A82! over uPI , we have

(
uPI

(
vPJ

d i uj v
Z~ I 2$u%,J2$v%!5uI uZ~ I ,J!. ~A92!

Combining Eq.~A92! ~with I→C8I , J→CJ, uI u→n22k)
and Eq.~A91!, we have
11400
es
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(
I ,$3¯n%
uI u52k21

(
uPI

(
v¹J

d i uj v
X~ I 2$u%!Z~C8I ,CJ2$v%!

5~n22k! (
I ,$3¯n%
uI u52k22

X~ I !Z~C8I ,CJ!. ~A93!

For thelast term, the sum overu andv is directly calculated
by summing Eq.~A80! over uPI ; we have

(
u,vP l
uPv

d i ui v
X~ I 2$u,v%!5uI uX~ I !. ~A94!

Using Eqs.~A90!, ~A93!, ~A94!, the three last terms in Eq
~A87! combine, with a coefficient

2~n22k!1D12~k21!52~n2k1D/221!, ~A95!

and formula~A87! becomes

(
i 1 ,i 251

D

d i 1i 2
P i 1 ,...,i n ; j 1 ,...,j n

5 (
0<k<n/221

f n,k2~k11!

3 (
I ,$3¯n%

uI u52k

(
J,$1¯n%
uJu52k12

X~ I !Z~C8I ,CJ!Y~J!

1 (
1<k<n/2

f n,k2~n2k1D/221!

3 (
I ,$3¯n%
uI u52k22

(
J,$1¯n%

uJu52k

X~ I !Z~C8I ,CJ!Y~J!. ~A96!

We have suppressed zero terms in thek sums: in the first
sum, the existence ofJ,$1,...,n% with uJu52k12 needs
2k<n22, and in the second sum, the existence ofI with
uI u52k22 needs 2k>2. This adjustment of the summatio
bounds is important because now, after the change of v
able k→k21, the first sum combines exactly with the se
ond one:

(
i 1 ,i 251

D

d i 1i 2
P i 1 ,...,i n ; j 1 ,...,j n

52 (
1<k<n/2

@k fn,k211~n2k1D/221! f n,k#

3 (
I ,$3¯n%
uI u52k22

(
J,$1¯n%

uJu52k

X~ I !Z~C8I ,CJ!Y~J!.

~A97!
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We find thus that, with the trial formula~A10!, the traceless-
ness condition 2 takes the form of the following recurren
relation for the coefficientsf n,k :

k fn,k211~n2k1D/221! f n,k50 ~1<k<n/2!,
~A98!

and this recurrence relation, with the initial condition~A78!,
uniquely determines thef n,k :

f n,k5~21!k
k!G~n2k1D/221!

n!G~n1D/221!

5~21!k
1

n! S n1D/221
k D 21

~A99!

where the second expression is defined for all required
uesD>1, n>0, 0<k<n/2, while the more explicit first one
is ambiguous~`/`! for D52, n50, k50.

This result can be expressed with factorials, directly in
case ofD even and by use of the duplication formula of t
G function in the case ofD odd:

f n,k5~21!k
k! ~n2k1D/222!!

n! ~n1D/222!!
~D even!

~A100!

f n,k5~21!k222k
k! ~n1D/223/2!! ~2n22k1D23!!

n! ~n2k1D/223/2!! ~2n1D23!!

3~D odd!. ~A101!

For the spatial dimensionD53, the expression~A11! of f n,k
is recovered.

Calculation of the particular matrix elements
from the expression of the projector

By using the explicit expression~A10! of the projector, it
is of course possible to compute any matrix element nee
As a simple example, we present here the calculation of
particular matrix elements~A3!.

We may do all the calculations for a particle at rest@v
5(1,0W )#, and write the final result covariantly in term of th
four-vectorsv,v i ,v f . Then we have

v f
m1
¯v f

mnPm1¯mn ;n1¯nn
v i

n1
¯v i

nn

5 (
i 1 , ¯ i n , j 1 , ¯ j n

v f
i 1
¯v f

i nP i 1 ,...,i n ; j 1 ,...,j n
v i

j 1
¯v i

j n.

~A102!

The calculation of this from Eq.~A10! simply amounts to the
substitutions

d i r i r 8
→~vW f !

2, d i sj s~x!
→~vW f•vW i !, d j t j t8

→~vW i !
2,
~A103!

and we have
11400
e
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(
i 1 ,...,i n , j 1 ,...,j n

v f
i 1
¯v f

i nP i 1 ,...,i n ; j 1 ,...,j n
v i

j 1
¯v i

j n

5 (
0<k<n/2

f n,k (
I ,J,$1¯n%
uI u5uJu52k

(JPP2~ I !
(

sPB~CI ,CJ!
(

J8PP2~J!

3~vW f !
2k~vW f•vW i !

n22k~vW i !
2k. ~A104!

The summand is independent of the summation variab
I ,J,J,s,J 8, so that we just have to count the number
values they take. As is well known, the number of subsets
cardinalityq in a set of cardinalityn is given by the binomial
coefficient (q

n)5n!/q!(n2q)!, and the numberuB(X,Y)u of
bijections of a setX on a setY is uXu! if uXu5uYu ~and 0
else!. The numberuP2(X)u of partitions of a setX by two-
element subsets is (2k)!/2kk! when uXu52k. This last num-
ber is easily obtained by first considering the set of deco
positions of X into orderedk-uples of ordered pairs. The
number of suchk-uples is the same (2k)! as the number of
permutations ofX, and when the orderings~of the k-uples
and of the pairs! are disregarded, there are 2kk! k-uples giv-
ing each partition by two-element subsets. Therefore
numbers of values taken by the summation variables in
~A104! are

n!

~2k!! ~n22k!!
for I and for J,

~2k!!

2kk!
for J and for J 8,

~n22k!! for s;

and from Eq.~A104! we have

(
i 1 , ¯ i n , j 1 , ¯ j n

v f
i 1
¯v f

i nP i 1 ,...,i n ; j 1 ,...,j n
v i

j 1
¯v i

j n

5 (
0<k<n/2

f n,kS n!

~2k!! ~n22k!! D
2S ~2k!!

2kk! D 2

3~n22k!! ~vW f !
2k~vW f•vW i !

n22k~vW i !
2k

5 (
0<k<n/2

222k
~n! !2

~k! !2~n22k!!
f n,k~vW f !

2k

3~vW f•vW i !
n22k~vW i !

2k. ~A105!

With (vW f)
2,(vW f•vW i),(vW i)

2 written in covariant form using Eq
~A41!, we recover Eq.~A5! with Cn,k given by

Cn,k5~21!k222k
n!

~k! !2~n22k!! S n1D/222
k D 21

~A106!

for an arbitrary spatial dimensionD. A compact expression
like Eq. ~A3! is obtained from Eqs.~A5! and ~A106! by
introducing the Gegenbauer polynomialsCn

l , which can be
defined by the generating functions
9-24
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(
n>0

Cn
l~x!tn5

1

~122xt1t2!l ~A107!

and have the following expressions:

Cn
l~x!5(

k
~21!kS n2k

k D S n2k1l21
n2k D ~2x!n22k,

~A108!

Cn
l~x!5(

k
~21!kS k1l21

k D S n12l21
n22k D xn22k

3~12x2!k. ~A109!

Indeed, Eq.~A106! becomes

Cn,k5~21!k222kS n1D/222
n D 21S n2k

k D S n2k1D/222
n2k D ,

~A1068!

and using Eq.~A108! we have

(
0<k<n/2

Cn,kx
n22k5

1

2n S n1D/222
n D 21

Cn
D/221~x!,

~A110!

obtaining

(
i 1 , ¯ i n , j 1 , ¯ j n

v f
i 1
¯v f

i nP i 1 ,...,i n ; j 1 ,...,j n
v i

j 1
¯v i

j n

5
1

2n S n1D/222
n D 21

uvW f unuvW i unCn
D/221S vW f•vW i

uvW f uuvW i u
D .

~A111!

WhenD53, expression~A3! is recovered from Eq.~A111!
usingCn

1/2(x)5Pn(x) and (n
n21/2)5222n(2n)!/(n!) 2. Using

in Eq. ~A111! the expression~A109! of Cn
l(x), one obtains

the expression~A6! with Cn,k8 given by

Cn,k8 5~21!k
1

2n S n1D/222
n D 21S k1D/222

k D S n1D23
n22k D .

~A112!

Notice that the expression (A1068) is ambiguous forD
52, n>1 @while Eq. ~A106! is defined for all required val-
uesD>1, n>0, 0<k<n/2], and the ambiguity propagate
to Eqs.~A111! and ~A112!. If we want the caseD52 to be
included in our formulas, we may use, instead of the Geg
bauer polynomials, the Jacobi polynomials simply related
them by

Cn
l~x!5

~2l!n

~l11/2!n
Pn

~l21/2,l21/2!~x!, ~A113!

which have the following expressions:

Pn
~a,a!~x!522n(

k
~21!kS n1a

k D S 2n22k12a
n22k D xn22k,

~A114!
11400
n-
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Pn
~a,a!~x!5(

k
~21!k222kS n2k

k D S n1a
n2k D xn22k~12x2!k.

~A115!

Rewriting Eq.~A106! as

Cn,k5~21!kS 2n1D23
n D 21S n1D/223/2

k D
3S 2n22k1D23

n22k D ~A10688!

from Eq. ~A114! we see that

(
i 1 ,...,i n , j 1 ,...,j n

v f
i 1
¯v f

i nP i 1 ,...,i n ; j 1 ,...,j n
v i

j 1
¯v i

j n

52nS 2n1D23
n D 21

uvW f unuvW i unPn
~D23!/2,~D23!/2)S vW f•vW i

uvW f uuvW i u
D

~A1118!

and using Eq.~A115! we obtain

Cn,k8 5~21!k2n22kS 2n1D23
n D 21S n2k

k D S n1D/223/2
n2k D .

~A1128!

The expression~A1069! is ambiguous only forD51, n51,
and so are Eqs.~A1118! and ~A1128!.

Finally, let us consider the caseD51. It is in fact trivial.
All n-rank tensor spaces (n>0) are of dimension 1. All
n-rank tensors are symmetric. The subspace ofn-rank sym-
metric traceless tensors is the whole space whenn50 or 1,
and is thezero subspacewhenn>2. Therefore, the projecto
on this subspace is the identity operator whenn50 or 1 ~as
for any dimensionD!, and is, whenn>2, thezero operator.

To see how this particular case is obtained with our
sults, we may apply Eq.~A111!, which is well defined for
D51. First, due tovW f•vW i5uvW f uuvW i usgn(vW f•vW i), Eq. ~A111! be-
comes

(
i 1 ,...,i n , j 1 ,...,j n

v f
i 1
¯v f

i nP i 1 ,...,i n ; j 1 ,...,j n
v i

j 1
¯v i

j n

5
1

2n S n23/2
n D 21

Cn
21/2~1!~vW f•vW i !

n ~A116!

~where the sum has only one term!. Next, Cn
21/2(1) is given

by Eq. ~A109!:

Cn
21/2~1!5S n22

n D5~21!nS 1
nD5dn,02dn,1 .

~A117!

Then we have

1

2n S n23/2
n D 21U

n50

51,
1

2n S n23/2
n D 21U

n51

521,

~A118!
9-25
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so that Eq.~A116! becomes

(
i 1 ,...,i n , j 1 ,...,j n

v f
i 1
¯v f

i nP i 1 ,...,i n ; j 1 ,...,j n
v i

j 1
¯v i

j n

5dn,01~vW f•vW i !dn,1 , ~A119!

and, as expected, this vanishes forn>2.

APPENDIX B: MANIFESTLY COVARIANT DERIVATION
OF BJORKEN AND URALTSEV SUM RULES

In this appendix we give a manifestly covariant derivati
of the Bjorken and Uraltsev SRs using the states and curr
considered by Uraltsev@6#. He considers the fourth compo
nent of the vector current, and initial and finalB* states,
allowing for spin flip transitions, i.e., with our notation, h
takes G15G25g0, the initial and final states Bi

5B* (l i )(1,0), Bf5B* (l f )(v f
0,vf), and performs an expan

sion for small velocities. In the covariant language adop
here, the case he considers is

G15G25v” i ,
11400
ts

d

Bi5Pi 1«” i , Bf5Pf 1«” f .
~B1!

We realize that this case does not present the symmetr
the simple choice of Secs. III and IV, since both curren
projected in thev i direction, appear in a nonsymmetric wa
relative to the initial and final states, which have fou
velocitiesv i and v f . This aspect, plus theB* polarization,
complicates the calculation in a considerable way, since t
all states 23/2

1 , 13/2
1 , 01/2

1 , and 11/2
1 contribute. We give now

the covariant version of the Uraltsev calculation.
After a good deal of algebra, the RHS of the general

~38! becomes for the choice~B1!,

R~wi ,wf ,wi f !5j~wi f !$~« i•« f !~wi1wf !2~« i•v f !~« f•v8!

2~« f•v i !~« i•v8!2~2wi11!@~« i•« f !

3~wi f 11!2~« i•v f !~« f•v i !#% ~B2!

while the contribution of the different intermediate states
given by
L~01/2
2 !50, ~B3!

L~11/2
2 !5$2~wi11!@~« i•« f !~wi f 1wi !2~« f•v i !~« i•v f !1~« f•v i !~« i•v8!#1~« i•v8!@~« f•v i !~2wi2wf11!1~« f•v8!

3~wi f 21!#%(
n

j~n!~wi !j
~n!~wf !, ~B4!

L~23/2
1 !5H 1

2
~wi f 2wfwi !~wi11!@~« i•« f !wi f 2~« f•v i !~« i•v f !1~« i•« f !wi1~« f•v i !~« i•v8!#2

1

2
~wi f 2wfwi !~« i•v8!

3@~« f•v i !wi1~« f•v i !wi2~« f•v8!#1
1

6
~2222wi22wf23wi f 14wiwf !~« i•v8!@~« f•v i !~12wf !

1~« f•v8!wi f #2
1

2
@~« i•v f !~wi11!2~« i•v8!wi f #~« f•v8!2

1

2
wi@~« i•v f !~wi11!2~« i•v8!wi f #@~« f•v i !~12wf !

1~« f•v8!wi f #1
1

2
wf~« i•v8!~« f•v8!1wi@~« i•v f !~wi11!2~« i•v8!~v i•v f !#~« f•v i !2wiwf~« i•v8!

3~« f•v i !J 3(
n

t3/2
~n!~wi !t3/2

~n!~wf !, ~B5!

L~13/2
1 !5H 2

1

6
~11wi !~11wf !

1

4
Tr@v” i«” ig

sv” 8g5#
1

4
Tr@v” i«” fgsv” fg5#1

1

6
~11wi !

3~11wf !
1

4
Tr@v” i«” iv” 8gsg5#

1

4
Tr@v” i«” fv” 8gsg5#2

1

2
~11wi !

1

4
Tr@v” i«” iv” 8v” fg5#

1

4
Tr@v” i«” fv” 8v” fg5#J

33(
n

t3/2
~n!~wi !t3/2

~n!~wf !, ~B6!

L~01/2
1 !5~« i•v8!@~« f•v i !~12wf !1~« f•v8!~v i•v f !#4(

n
t1/2

~n!~wi !t1/2
~n!~wf !, ~B7!
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L~11/2
1 !5H 2

1

4
Tr@v” i«” iv” 8gsg5#

1

4
Tr@v” i«” fv” fgsg5#1

1

4
Tr@v” i«” iv” 8gsg5#

1

4
Tr@v” i«” fv” 8gsg5#J 4(

n
t1/2

~n!~wi !t1/2
~n!~wf !, ~B8!

L~23/2
2 !5

1

2 H ~wi f 2wiwf !~wi11!
1

4
Tr@v” i«” iv” 8gsg5#

1

4
Tr@v” i«” fv” fgsg5#2~wi f 2wiwf !

1

4
Tr@v” i«” iv” 8gsg5#

1

4
Tr@v” i«” fv” 8gsg5#

1wi

1

4
Tr@v” i«” iv” 8v” fg5#

1

4
Tr@v” i«” fv” 8v” fg5#J 3(

n
s3/2

~n!~wi !s3/2
~n!~wf !,

L~13/2
2 !5H 2

1

6
~wi21!~wf21!~wi11!@~« i•« f !~wi f 1wi !1~« f•v i !~« i•v8!2~« f•v i !~« i•v f !#1

1

6
~wi21!~wf21!

3~« i•v8!@2~« f•v i !wi2~« f•v8!#1
1

6
~129wi f 14wiwf12wi12wf !~« i•v8!@~« f•v i !~12wf !1~« f•v8!wi f #

1
1

2
~wf21!~« i•v8!@2wi~« f•v i !2~« f•v8!#1

1

2
~wi21!@~« i•v f !~wi11!2~« i•v8!wi f #

3@~« f•v8!wi f 1~« f•v i !~12wf !#J 3(
n

s3/2
~n!~wi !s3/2

~n!~wf !.

From

1

4
Tr@a”b”c”d”g5#52 i«mnrsambncrds, ~B9!

one can express the contributionsL(13/2
1 ), L(11/2

1 ), andL(23/2
2 ) in terms of scalar products. Indeed, the product of two tens

«mnrs evennoncontractedcan be expressed in terms of the tensorgmn :

«mnrs«m8n8r8s852det~gaa8! ~a5m,n,r,s, a85m8,n8,r8,s8!, ~B10!

gmm8«mnrs«m8n8r8s852det~gaa8! ~a5n,r,s, a85n8,r8,s8!. ~B11!

From these relations one obtains, for the traces involved inL(13/2
1 ), L(11/2

1 ), andL(23/2
2 ),

1

4
Tr@v” i«” iv” 8gsg5#

1

4
Tr@v” i«” fv” fgsg5#52~« i•v f !~« f•v8!1wi~« i•v f !~« f•v i !2~wi f wi2wf !~« i•« f !, ~B12!

1

4
Tr@v” i«” iv” 8gsg5#

1

4
Tr@v” i«” fv” 8gsg5#52~« i•v8!~« f•v8!1wi~« i•v8!~« f•v i !2~wi

221!~« i•« f !, ~B13!

1

4
Tr@v” i«” iv” 8v” fg5#

1

4
Tr@v” i«” fv” 8v” fg5#5~wi f

2 21!~« i•v8!~« f•v8!2~wi f wf2wi !~« i•v8!~« f•v i !

2~wi f wi2wf !~« i•v f !~« f•v8!1~wi f 2wiwf !~« i•v f !~« f•v i !

1~2wi f wiwf2wi f
2 2wi

22wf
211!~« i•« f !. ~B14!

From the latter expressions~B12!–~B14! and from~B2!–~B8! one gets finally for Eq.~38!

$2~wi11!~wi f 1wi !~« i•« f !1~wi11!~« i•v f !~« f•v i !1~wi2wf !~« i•v8!~« f•v i !1~wi f 21!~« i•v8!~« f•v8!%

3(
n

j~n!~wi !j
~n!~wf !1$2~wi11!~4wfwiwi f 12wfwi

22wi
22wf

222wi f wi23wi f
2 11!~« i•« f !

1~wi11!~4wiwf23wi f 1wi !~« i•v f !~« f•v i !2~wi11!~wf11!~« i•v f !~« f•v8!1@~3wi f 22wiwf1wf !~wf2wi !

2~wi11!2#~« i•v8!~« f•v i !1~2wiwf23wi f 2wi2wf21!~wi f 21!~« i•v8!~« f•v8!%(
n

t3/2
~n!~wi !t3/2

~n!~wf !
114009-27
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14$~wi f wi2wi
22wf11!~« i•« f !2wi~« i•v f !~« f•v i !1~« i•v f !~« f•v8!1~11wi2wf !~« i•v8!~« f•v i !

1~wi f 21!~« i•v8!~« f•v8!%(
n

t1/2
~n!~wi !t1/2

~n!~wf !1$~wi12wiwf23wf
2wi2wi

322wfwi
322wi f 12wfwi f 12wi

2wi f

14wfwi
2wi f 23wiwi f

2 !~« i•« f !1~211wf1wi
224wfwi

213wiwi f !~« f•v i !~« i•v f !13~wiwf2wi f !~« i•v f !~« f•v8!

1~wf2wf
22wi13wiwf22wf

2wi1wi
212wfwi

223wi f 13wfwi f 23wiwi f !~« f•v i !~« i•v8!

1~wi f 21!~211wi1wf12wiwf23wi f !~« i•v8!~« f•v8!%(
n

s3/2
~n!~wi !s3/2

~n!~wf !1¯

5j~wi f !$@~wi1wf !2~2wi11!~wi f 11!#~« i•« f !1~2wi11!~« i•v f !~« f•v i !2~« i•v f !~« f•v8!2~« i•v8!~« f•v i !%.

~B15!
E
th

e
d

n

r

o

ties

ent,
This expression is considerably more complicated than
~48!, which readily gives the Uraltsev SR. We can choose
particular polarizations

« i
~1!5

v f2wi f v i

Awi f
2 21

, « f
~1!5

v i2wi f v f

Awi f
2 21

,

« i
~2!5

v82wiv i

Awi
221

, « f
~2!5

v82wfv f

Awf
221

~B16!

that satisfy« i
2521, « i•v i50, « f

2521, « f•v f50.
We can consider the following different cases:

~1! « i5« i
~1! , « f5« f

~1! ,

~2! « i5« i
~2! , « f5« f

~1! ,

~3! « i5« i
~1! , « f5« f

~2! ,

~4! « i5« i
~2! , « f5« f

~2! . ~B17!

These four different cases exhaust the number of indep
dent SRs in the case under consideration, characterize
Eq. ~B1!.

That there are only four independent SRs can be see
the following argument. If, in the general SR~B15!, we
make the replacements~the sum overa denotes the sum ove
the different polarizations!

« i
m→(

a
« i

~a!m« i
~a!* r5grm2v i

rv i
m ,

« f
n→(

a
« f

~a!n« f
~a!* s5gsn2v f

sv i
n ,

~B18!

we obtain a set of tensorial identities, which depend only
v i , v f , andv8:
11400
q.
e

n-
by

by

n

Xrs~v i ,v f ,v8!50. ~B19!

From these 16 identities one obtains nine scalar identi
saturating all the pairsv irv is , v f rv f s , vr8vs8 , v irv f s , etc.,

v irv isXrs~v i ,v f ,v8!50,

] ~B20!

plus three other scalar identities, identically vanishing,

«mnrsv i
mv f

nXrs~v i ,v f ,v8![0,

] ~B21!

However, among these equations, only four are independ
corresponding to the two nonvanishing products

v f r~grm2v i
rv i

m!5v f
m2wi f v i

m ,

vr8~grm2v i
rv i

m!5v8m2wiv i
m , ~B22!

which must be combined with the other two four-vectors:

v ir~grm2v f
rv f

m!5v i
m2wi f v f

m ,

vr8~grm2v f
rv f

m!5v8m2wfv f
m . ~B23!

Let us now write this SR~B15! for the different cases. We
need the following scalar products:

« i
~1!
•v f52

wi f
2 21

Awi f
2 21

, « i
~1!
•v852

wi f wi2wf

Awi f
2 21

,

« i
~2!
•v f52

wi f wi2wf

Awi
221

, « i
~2!
•v852

wi
221

Awi
221

,

« f
~1!
•v i52

wi f
2 21

Awi f
2 21

, « f
~1!
•v852

wi f wf2wi

Awi f
2 21

,
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« f
~2!
•v i52

wi f wf2wi

Awf
221

, « f
~2!
•v852

wf
221

Awf
221

,

« i
~1!
•« f

~1!5
wi f ~wi f

2 21!

Awi f
2 21Awi f

2 21
,

« i
~2!
•« f

~1!5
wi f ~wi f wi2wf !

Awi
221Awi f

2 21
,

11400
« i
~1!
•« f

~2!5
wi f ~wi f wf2wi !

Awf
221Awi f

2 21
,

« i
~2!
•« f

~2!5
wi f wiwf2wi

22wf
211

Awi f
2 21Awi f

2 21
. ~B24!

Since Eq.~B15! is linear in « i and in « f , in deducing the
equation for the different cases we can multiply Eq.~B15! by
the denominators defining the polarizations in Eq.~B16!. We
thus obtain from Eq.~B15! four different equations for the
different cases~B17!.

If, in particular, we makewi5wf5w, we obtain the fol-
lowing equations, for the different cases considered:
~1! « i5« i
(1) , « f5« f

(1) :

2~wi f 21!~11w2w22wi f 12wwi f 13w2wi f 1wwi f
2 !(

n
@j~n!~w!#21~wi f 21!~w22w224w312w412wi f 1wwi f

24w2wi f 26w4wi f 12wi f
2 13wwi f

2 16w2wi f
2 24w3wi f

2 13wwi f
3 !(

n
@t3/2

~n!~w!#224~wi f 21!~w2w22wi f 13w2wi f 2wi f
2

2wwi j
2 !(

n
@t1/2

~n!~w!#21~wi f 21!~12w22w212w41wi f 13wwi f 24w3wi f 26w4wi f 23wi f
2 1wwi f

2

110w2wi f
2 14w3wi f

2 23wi f
3 23wwi f

3 !(
n

@s3/2
~n!~w!#21¯52~wi f 21!~wi f 11!~11wi f 12wwi f !j~wi f !; ~B25!

~2! « i5« i
(2) , « f5« f

(1) :

2w~w11!~wi f 21!~w1wi f !(
n

@j~n!~w!#21~w11!~wi f 21!~122w222w41wi f 1wwi f 12w2wi f 24w3wi f 13wwi f
2 !

3(
n

@t3/2
~n!~w!#214~w21!~w11!~wi f 21!~12w1wi f !(

n
@t1/2

~n!~w!#21~w21!~w11!~wi f 21!~2w222w3

23wi f 12wwi f 14w2wi f 23wi f
2 !(

n
@s3/2

~n!~w!#21¯52~w11!~wi f 11!~wi f 21!~2w21!j~wi f !; ~B26!

~3! « i5« i
(1) , « f5« f

(2) :

2w~w11!~wi f 21!~w1wi f !(
n

@j~n!~w!#21~w11!~wi f 21!~122w222w41wi f 1wwi f 12w2wi f 24w3wi f 13wwi f
2 !

3(
n

@t3/2
~n!~w!#214~w21!~w11!~wi f 21!~12w1wi f !(

n
@t1/2

~n!~w!#21~w21!~wi f 21!~2w213w322w4

23wi f 2wwi f 19w2wi f 1w3wi f 23wi f
2 23wwi f

2 !(
n

@s3/2
~n!~w!#21¯52~w11!~wi f 11!~wi f 21!~2w21!j~wi f !;

~B27!

~4! « i5« i
(2) , « f5« f

(2) :
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~w11!2~211w1w22wwi f !(
n

@j~n!~w!#21~w11!2~2w22w214w312w412wi f 22wwi f 22w2wi f 14w3wi f

13wwi f
2 !(

n
@t3/2

~n!~w!#214~w21!2~w11!~w1wi f !(
n

@t1/2
~n!~w!#21~w21!2~w11!~122w212w322wwi f

14w2wi f 23wi f
2 !(

n
@s3/2

~n!~w!#21¯5~w11!~2113w2wi f 23wwi f 12w2wi f !j~wi f !. ~B28!
o

-

R

of

er-
ined
Let us now consider the SRs that can be obtained with
deriving the functionj(wi f ).

~1! « i5« i
(1) , « f5« f

(1) . Dividing by (wi f 21) and taking
the limit wi f →1, one gets

22~w11!2(
n

@j~n!~w!#224~w21!~w11!3

3(
n

@t3/2
~n!~w!#228~w21!~w11!(

n
@t1/2

~n!~w!#2

24~w221!2(
n

@s3/2
~n!~w!#21¯524~w11!.

~B29!

~2! « i5« i
(2) , « f5« f

(1) and~3! « i5« i
(1) , « f5« f

(2) . Divid-
ing by (wi f 21) and taking the limitwi f →1, one obtains

2w~w11!2(
n

@j~n!~w!#222~w21!~w11!4

3(
n

@t3/2
~n!~w!#224~w21!~w11!~w22!

3(
n

@t1/2
~n!~w!#212~w221!2~32w!

3(
n

@s3/2
~n!~w!#21¯

522~w11!~2w21!. ~B30!

~4! « i5« i
(2) , « f5« f

(2) . Taking the limitwi f →1, one gets

~w21!~w11!3(
n

@j~n!~w!#212~w11!4~w21!2

3(
n

@t3/2
~n!~w!#214~w21!2~w11!2(

n
@t1/2

~n!~w!#2

12~w221!3(
n

@s3/2
~n!~w!#21¯52~w11!2~w21!.

~B31!
11400
utFrom Eqs.~B26!, ~B27! one gets the two sum rules

w11

2 (
n

@j~n!~w!#21~w21!H 2(
n

@t1/2
~n!~w!#2

1~w11!2(
n

@t3/2
~n!~w!#2J 1~w11!~w21!2

3(
n

@s3/2
~n!~w!#21¯51, ~B32!

w
w11

2 (
n

@j~n!~w!#21~w21!H ~w11!3(
n

@t3/2
~n!~w!#2

12~w22!(
n

[ t1/2
~n!~w!] 2J 2~w11!~w21!2

3~32w!(
n

@s3/2
~n!~w!#21¯52w21. ~B33!

The first SR is the Bjorken SR~53!.
Eliminating @(w11)/2#(nuj (n)(w)u2 between these equa

tions, one obtains

~w11!2(
n

ut3/2
~n!~w!u224(

n
ut1/2

~n!~w!u2

23~w221!(
n

@s3/2
~n!~w!#21¯51. ~B34!

Equation~B34! is another generalization of the Uraltsev S
for wÞ1; indeed, it reduces to Eq.~57! for w51. Notice that
the states3

2
2 contribute at order (w21) to Eq.~B34!, while

they do not contribute at all to the generalization of Sec. V
the Uraltsev SR forwÞ1 @Eq. ~67!#. There is no contradic-
tion: these are two different generalizations, and the diff
ence can be traced back to the fact that the former is obta
from the currents$v” i ,v” i% while the latter is obtained from
symmetric currents$v” ig5 ,v” fg5% relative to the initial and
final four-velocities.
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